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Abstract. We show that the Gromov-Witten theory of Calabi-Yau hypersurfaces matches, 
in genus zero and after an analytic continuation, the quantum singularity theory (FJRW 
theory) recently introduced by Fan, Jarvis and Ruan following ideas of Witten. Moreover, 
on both sides, we highlight two remarkable integral local systems arising from the common 
formalism of F-integral structures applied to the derived category of the hypersurface {W = 
0} and to the category of graded matrix factorizations of W. In this setup, we prove that 
the analytic continuation matches Orlov equivalence between the two above categories. 
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1. Introduction 

1.1. Overview. The so-called Landau-Ginzburg/Calabi-Yau correspondence (LG/CY corre- 
spondence for short) in string theory |28|, ^,|63|| describes a relationship between the sigma 
model on a Calabi-Yau hypersurface and the Landau-Ginzburg model whose potential is the 
defining equation of the Calabi-Yau. In Witten's gauged linear sigma model |6q| , the LG/CY 
correspondence arises, roughly speaking, from a variation of GIT quotient. 

Let wi,...,wn be coprime positive integers and xi,...,xn be variables of degree 
w\, . . . ,wn- Let W(x±, . . . ,xjsr) be a weighted homogeneous polynomial of degree d which 
has an isolated critical point only at the origin. We assume (i) the Calabi-Yau condition 
d = w\ + • ■ • + wn and (ii) the Gorenstein condition]]: wj divides d for all 1 < j < N. In this 
paper, we discuss two objects: 

• The Calabi-Yau hypersurface Xyy = {W = 0} in the weighted projective space 
P(u>) = F(u>i, . . . ,wn)- This is quasi-smooth (i.e. smooth in the sense of stacks) 
by the assumption on W above. 

• The Landau-Ginzburg orbifold (C , W, fi d ). It consists of the space equipped 
with an action of fi d = {g G C x | g d = 1}, (xi, ...,xjf) ^ {g m %l, ■ ■ ■ ,9 Wn %n) and a 
/i^-invariant function W: C N — > C. 

These two models arise from the following GIT quotient. Consider the C x -action on the 
vector space x C with co-ordinates (x\, ... ,xn,p): 

(xi,...,x N ,p)^ (t^x u . . . , t WN x N , t~ d p), t € C x . 

We endow the space x C with the C x -invariant potential W(x,p) := pW(x). There are 
two possible GIT quotients of this space: one is the quotient of (C \ {0}) x C and the other 
is the quotient of x (C \ {0}). In the former case, we get the total space of the line bundle 
0{— d) — > F(w) endowed with the function W. This should reduce to the sigma model on 
the Calabi-Yau hypersurface Xw- In the latter case, we get the Landau-Ginzburg orbifold 
(C N ,W lt i d ). 

The GIT quotient itself does not change inside a "chamber" of stability parameters, but 
the actual physical theory depends on a continuous and complexified stability parameter 
r + i6 G C. The CY theory arises for r — > oo and the LG theory for r — > —oo. The stability 
parameter r + ±9 varies along a complex manifold A4 usually referred to as the global Kahler 
moduli space and identified here with (a Zariski open subset of) the weighted projective line 
P(l,cQ. The local picture near the /i^-point in P(l,rf) corresponds to the LG model above 
and the /^-point is called LG point. The local picture near the antipodal point corresponds 
to the CY geometry and the antipodal point is called large radius limit point. These points 
are interesting asymptotically: we often work on punctured disks centered on them and refer 
to them as limit points (see Figure ||). Another limit point, called conifold point, also plays 
a relevant role in this paper. 

This paper is concerned with two aspects of topological string theory: the category of 
D-branes of type B (B-branes) and the closed string theory of type A (A- model). In this 

^This means that the ambient space P(w) is Gorenstein. In this case, we can take W to be the Fermat type 
polynomial W = x^ wi + ■ ■ ■ + x^ WN . 
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• LG point (/x d -orbifold point) 

large radius limit — ~~ \ \/ 

^^^conifold point 

Figure 1. Kahler moduli space M = P(l,d) \ {two points} 



paper, the term "B-brane" (or "brane") has a precise mathematical meaning. On the CY 
side, the category of B-branes is the derived category of coherent sheaves on the Calabi- 
Yau hypersurface X\y. On the LG side, the category of B-branes has been identified with the 
category MF^ (W) of graded matrix factorizations of W (35|,[4^,|64| . On the other hand, the A- 
model on the Calabi-Yau X\y is given by GW (Gromov-Witten) theory. The mathematical A- 
model for the Landau-Ginzburg orbifold has been formulated recently by Fan- Jarvis-Ruan |^4| 
as the intersection theory on the moduli space of VF-spin curves. This is called FJRW (Fan- 
Jarvis-Ruan-Witten) theory. About these theories, the following LG/CY correspondences are 
known in mathematics: 

(1) B-brane LG/CY correspondence: Orlov [^(J constructed derived equivalences 
between the categories of B-branes indexed by an integer / € Z: 

D\X W ) = M¥f d (W). 

(2) A- model LG/CY correspondence: Chiodo-Ruan [[0| showed that for a quintic 
polynomial W(x%, . . . , X5), the GW theory of Xw is analytically continued to the 
FJRW theory of (C 5 ,W, fj, 5 ) at genus zero. Schematically, we write 

GW g=0 (X w ) FJRW, =0 (C 5 , W,ji 5 ). 

The purpose of this paper is to extend the correspondence (J2j) to a general weighted homoge- 
neous polynomial W and to describe a relationship between ([[]) and (Q). 

More precisely, "analytic continuation" in (||) means the following. In genus zero, GW 
theory and FJRW theory yield quantum D-modules over small neighbourhood of the corre- 
sponding limit points; we show that these are restrictions of a certain global D-module over 
the Kahler moduli space A4. Note that the category of B-branes should be independent of the 
Kahler structure on Xw Hence B-branes are "locally constant" data over the Kahler moduli 
space around the limit point in each theory. In fact, we associate to each B-brane a flat sec- 
tion of the quantum L>-module. The flat section here is asymptotic (in the limit point) to the 
Chern character of the brane multiplied by the T-class. This defines a Z-local system underly- 
ing the quantum D-module whose fibre is the numerical X-group of the category of B-branes. 
We call it the T-integral structure of the quantum Z)-module. This has been introduced for 
GW theory by Iritani |4(| and Katzarkov-Kontsevich-Pantev (4^] . Here the role of the T-class 
(see Definition 2.15| ) is to preserve the Euler pairing x{£,F) := J2iez dimHom(£, in 
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B-brane categories. Indeed, T can be regarded as a square root of the Todd class^: 

((-l)*?r Xw ) -f Xw = (2n±)^Td Xw 

thanks to the functional equation T(l — z)T(l + z) = irz/ sin(-7rz). Thus one can think of our 
flat section associated to a B-brane as a quantum version of the Mukai vector^. In this paper, 
we extend the T-integral structure to FJRW theory. Our main results are stated as follows. 
We refer to Theorems 2.21, [2.23 for more precise statements. 



Theorem 1.1. (i) The ambient part quantum D-module of Xw and the narrow part quantum 
D-module of(C N ,W,fi d ) are analytically continued to each otheif\, i.e. both of them are the 
restrictions of a global D-module over the Kdhler moduli space A4. 

(ii) The analytic continuation in (i) matches up the T-integral structures on both quan- 
tum D-modules. Moreover, the induced isomorphism between the numerical K-groups of the 
categories of B-branes coincide with the one induced by the Orlov derived equivalence. 

A prototype of our result is the work of Borisov-Horja ||, where they showed that the 
analytic continuation of the GKZ hyper geometric system is induced from a Fourier-Mukai 
transformation between the -fT-groups of toric Calabi-Yau orbifolds, under a suitable identi- 
fication of the spaces of local solutions with the -ftT-groups. In our case, the GKZ system is 
replaced with the quantum D-modules of GW/FJRW theories and the Fourier-Mukai trans- 
formation is replaced with the Orlov equivalence. 

Since the global D-module over M have nontrivial monodromies, the analytic continuation 
of flat sections depends on the choice of (a homotopy type of) a path. On the other hand, 
the Orlov equivalence <Jh depends on an integer / € Z. The recent physics paper by 
Herbst-Hori-Page clarified (by a physical argument) the dependence of a derived equivalence 
on the choice of a path. We confirm the prediction of |[2| that a path 7; passing through 
the lib. "window" corresponds to the Zth Orlov equivalence Moreover, we check that 
the monodromy representation of the fundamental group of M = P(l, d) \ {2 points} factors 
through the group of autoequivalences of D b (Xw). The following theorem refines Part (ii) of 



Theorem 1.1. 



Theorem 1.2 (Theorem |2.24 ). (i) For each integer I £ Z, there exists a path 7/ from a 
neighbourhood of the large radius limit point to a neighbourhood of the LG point such that the 
analytic continuation along jf 1 is induced by the Orlov equivalence 

(ii) Let N'(X\y) be a certain subgroup (|20| ) of the numerical K -group of Xw an d let x be 



the Euler pairing. The monodromy representation of the global D-module in Theorem |L_Z 

p: n(M)^AvLt(N'(X w ), X ) 

can be lifted to a group homomorphism 

p: 7ri(M) -> Auteq(D b (X w ))/[2], 

where [2] is the 2-shift functor. The homomorphism p sends a (clockwise) loop around the 
conifold point to the spherical twist by the structure sheaf. 



n 

In this formula, we assume that Xw is a manifold for simplicity. 
In fact, it coincides with the Mukai vector for K3 surfaces. 



See § ^.4.2| for the definition of the quantum D-modules. We mean by "ambient part" the cohomolog; 



y 

classes pull ed ba ck from the ambient space, see §2.2.1; in FJRW side, this has a counterpart called "narrow 



part", see §2.1.1 
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Since the work of Seidel-Thomas [60], the monodromy group action on D b {X) has been 
widely studied. Horja ]36| identified the conifold monodromy of the GKZ system with the 
spherical twist. Aspinwall ||, §7.1.4] observed that the 5th power of the monodromy around 
the LG point corresponds to the 2-shift (for a quintic). We deduce the existence of the 
lift p from a result of Canonaco-Karp ||. The above theorem suggests an autoequivalence 
group action on the GW theory. However we do not know if p is injective. The induced 
homomorphism p is never injective when dimXyy is even (since the conifold monodromy is 
involutive), but it is still possible that p is injective for an odd-dimensional Calabi-Yau Xw- 

1.2. Mirror symmetry. The interaction between B-branes and the A- model above can be 
explained most clearly via mirror symmetry. Here we consider Hodge-theoretic mirror sym- 



metry, Kontsevich's homological mirror symmetry [ 43 1 and their mutual relationships. See 
also fl5| for the discussion on global mirror symmetry for finite group quotients of Calabi-Yau 
hyper surf aces. 

The mirror of Xw is given by a certain Calabi-Yau compactification Y v (Batyrev's mirror 
0] ) of the affine variety 

Y v °:= {( Xl ,...,x iV )€(C x ) iV |x 1 + ...+x iV = l, x?$*...x%»=v} 

where the parameter v is identified with an inhomogeneous co-ordinate of Ai = P(l,d) \ 
{2 points} such that v = is the large radius limit and that v = oo is the LG point. The 
mirror Y v may have Gorenstein terminal quotient singularities. Note that M now plays a 
role of the complex moduli of Y v . Under mirror symmetry, the category of B-branes should 
be equivalent to the category of A-branes of the mirror. Mathematically, the category of 
A-branes is the derived Fukaya category whose objects are (twisted complexes of) graded 
Lagrangian submanifolds. Likewise, the A-model theory should be equivalent the B-model 
theory of the mirror, which is, at genus zero, the variation of Hodge structure associated to 
the deformation of the complex structure. We get the mirror statements of (|]) and (||). 

(1') A-brane "mirror LG/CY" correspondence: The derived Fukaya category of Y v 
is independent of v G A4. 

(2') B-model "mirror LG/CY" correspondence: There exists a global variation of 
Hodge structure (VHS) H N ~ 2 (Y V ) = (B p+q =n-2 H p ' q (Y v ) over M. 
Because Y v does not change as a symplectic manifold (or orbifold) as v varies, the Fukaya 
category should be independent of v (if it is defined). The B-model VHS is tautologically 
"analytically continued" over A4. Moreover, the category of A-branes and the B-model have 
a natural integration pairing. Namely, one can integrate a de Rham cohomology class on Y v 
over a Lagrangian submanifold. By this pairing, an A-brane (a Lagrangian submanifold) gives 
rise to a dual flat section of the B-model VHS, i.e. a middle homology class in H.n-2^Yv 
represented by the brane. This is exactly dual to the phenomenon we described in § |1 . 1[ 
The T-integral structure in the GW theory for Xw is actually mirrored from the natural 



integral structure in the B-model of Y v (see also [15| Conjecture 4.2.10]). 



Theorem 1.3 ( [fill , Theorem 6.9]). The ambient A-model VHS of a Calabi-Yau hypersurface 
Xw equipped with the ambient I '-integral structure is isomorphic to the residual B-model VHS 
of Y v equipped with the vanishing cycle integral structure near v = under the mirror map 



t gw : {\v\ < e} Hi mh {X w )/{G) m Theorem 



Here, the ambient A-model VHS is the ambient part quantum D-module in Theorem 



1.1 restricted to z = 1 (see Remark 2.11); the ambient T-integral structure is the Z-local 



system consisting of flat sections associated to vector bundles on Xw which are restricted 
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from the ambient space ¥(w). The residual B-model VHS is defined to be the pure part 
Gr^l 2 H N ~ 2 (Y°) C H N ~ 2 (Y V ) of the Deligne mixed Hodge structure of the affine variety Y°; 
the vanishing cycle integral structure on it consists of the Poincare duals of vanishing cycles 
of the function xi + • • • + xjy on the torus {(xi, . . . , xjv) G (C X ) JV | YiiLi x 7' = v }- See EJ 
for the details. Because /f-classes of vector bundles restricted from ¥(w) correspond, under 
Orlov equivalence, to the i^-classes of graded Koszul matrix factorizations (Proposition 4.1l| ), 



we have the following corollary (see also [15, Conjecture 4.2.11]) 



Corollary 1.4. The narrow A-model VHS of the Landau- Ginzburg model (C N , W, fj, d ) 

equipped with the subsystem of the Y -integral structure spanned by K-classes of graded Koszul 
matrix factorizations is isomorphic to the residual B-model VHS of Y v equipped with the van- 
ishing cycle integral structure near v = oo under the mirror map t F7RW : < e} — >• 



H^ r (W,n d )/(G) in Theorem 2.21 



In particular, both the quantum D-module of Xyy and of (C N ,W, fi d ) over the image of 
the mirror map give a polarized variation of Z-Hodge structure. 



1.3. Plan of the paper. In Section we introduce the T-integral structure on the quantum 
D-module associated to FJRW and GW theories. Then we state our main theorems in a 
precise way. In Section ||, we introduce twisted FJRW invariants and calculate the (twisted) 
/-function of the FJRW theory. This gives one of the main ingredients of the paper. In Section 
||, we calculate the analytic continuation of the /-function and show that the connection matrix 
matches the Orlov equivalence. In Section ||, we construct a global -D-module over the Kahler 
moduli and prove the main theorems. 

Acknowledgments. We would like to thank the Institut Fourier, where a major portion 
of this work was done. A.C. is supported by the ANR grant "Nouvelles Symetries pour la 
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through mirror symmetry and Jose Bertin for dozens of conversations and for his notes on 
matrix factorizations. H.I. is supported by Grant-in-Aid for Young Scientists (B) 22740042; 
he thanks Ed Segal for useful discussions on matrix factorizations and Orlov equivalence. Y.R. 
is supported by a grant from NSF; his two visits to Grenoble were supported by the Institut 
Fourier and by a "chaire d'excellence ENS Lyon/UJF". 



2. T-INTEGRAL STRUCTURE AND MAIN STATEMENTS 

We review the FJRW (Fan-Jarvis-Ruan-Witten) theory for (W, and the GW (Gromov- 
Witten) theory for X\y briefly and introduce the T-integral structure on the quantum D- 
modules of both theories. Then we give a precise statement of the main results. 



2.1. FJRW theory. The FJRW invariants "count" the number of solutions to a non-linear 
PDE, the so-called Witten equation. These define a cohomological field theory on the FJRW 
state space. In this paper, we restrict ourselves to the genus zero FJRW invariants from the 
"narrow part" . In this case, the Witten equation has only trivial solutions and the invariants 
reduce to intersection numbers of tautological classes on the moduli space of <i-spin curves. 
For the details of the full FJRW theory, we refer the reader to the original articles [ 23 , 24 ] . 



LG/CY CORRESPONDENCE, GLOBAL MIRROR SYMMETRY AND ORLOV EQUIVALENCE 7 

2.1.1. State space. Let (C N ,W, fj, d ) be the Landau-Ginzburg orbifold in the previous section 



1.1 



Let £ := exp(27ri/ci) G fi d denote a primitive dth root of unity. Let (C N ) k denote the 
£ fe -fixed subspace of and W k : (C ) k — > C denote the restriction of W. We also write 
N k = dim c (C 7V ) fc . The FJRW state space H(W 1 ^ d ) is defined to be 

d-l 

H(W,n d ) :=Q)H{W,n d )k 

k=o 

where the sector H(W, fJ> d )k associated to C, k G \i d is given by 

:= H N » {(C N ) k ,W+°°;Cf d , 
W k ±co := {x G (C W ) fc : ±M(W k (x)) » 0}. 
The degree of an element <f> G H(W, fJ> d ) k is defined to be 

N 

(1) deg^:=iV fc + 2^(%}-2 

i=l 

where qi := Wj/<i. Let (•, •) denote the natural intersection pairing 

(2) •) : H N " {(C N ) k , W k + °°; C) x H N " {(C N ) k , W^-C) C 

and /: — )■ C N denote the map (x\,...,xn) ^ (C Wlx l> ■ ■ ■ ? C WNx n) for £ = exp(7ri/d). 
Because W(I(x)) = —W(x), we have a map 

(3) /* : ^ tf^ ((€%, W+ 00 ;C) Md ((C%, W fc - 00 ;C)'* <I . 
We define the pairing between cti G H(W,/J, d )k and 02 G H(W, fi d ) d - k by 

(4) («i,Q!2) := ■3(01, /*a 2 ). 

a 

Setting (01,02) = for a\ G -H"(W, /x^)*;, 02 G i^W, with + 1 7^ d, we obtain a graded 
symmetric non-degenerate pairing (•, •) on the state space H(W, fi d ). The pairing in this paper 
differs from that in p3J by the factor 1/d = l/\fx d \. See Appendix [B| for this convention. 

We say that a sector H(W,fj, d ) k is narrow if (C N ) k = {0} and broad otherwise^. Each 
narrow sector H(W, fJ, d ) k is one-dimensional and we denote by 4>k-i G H(W, fJ, d ) k the standard 
basis given as the identity class on (C N ) k = {0}|. We set 

Nar := {0 < k < d - 1 : {C N ) k = {0}} 

and define the narrow part as 

H nar (W,fi d )= H{W^ d ) k = C0 fc _ x . 

fcGNar fceNar 

The degree zero element 0o £ ff(T^, plays the role of the identity in the FJRW theory. 
The pairing (•, •) restricts to a non-degenerate pairing on H nar (W, fj, d ) 

(5) {<f>k,<h) = \&d-2,k+U fc + M + leNar 



and H nai (W, fj, d ) is orthogonal to the broad part H hro (W, y, d ) : = fc ^ Nar H(W, fi d ] 



^Fan-Jarvis-Ruan originally called these sectors "Neveu-Schwarz" and "Ramond" respectively, but they 
changed the names later. 

^Note the shift of the index k by one. 



s 



ALESSANDRO CHIODO, HIROSHI IRITANI, AND YONGBIN RUAN 



For a polynomial / on C n , we define the Jacobi spacef\ £l(f) by 

(6) fi(/):=fi&,/d/Ansr\ 

where 0^. n denotes the space of algebraic fc-forms on C n . When / has an isolated critical 
point at the origin, we have the Grothendieck residue pairing Res/: <8> Q(f) —> C (see 



Res/ ([a(y)dy], [%)dy]) := Res 



dif, . . .,#„/_ 

where y = (yi, . . . , y n ) is a co-ordinate system on C n and dy = dyi A • • • A dy„. The residue 
pairing is independent of the choice of co-ordinates. 



Proposition 2.1. We have a canonical isomorphism 
(7) H(W,n d ) k ^ n(w k 



Under this isomorphism, the pairing (•, •) : H(W, n d )k X H(W, fi d )d-k C translates into the 
Grothendieck residue pairing between D,(Wk) fJ ' d and Q,(Wd-k) tJ ' d — £l(Wk) ,J ' d 

[f] ® M — ► (-l)^^(27ri)^iRes^ (M,(-l)l%]) , 

where \tp\ is the degree of if) divided by d (we set deg(xj) = deg(dxj) = Wi). 

The isomorphism (|7|) is given by the Hodge decomposition (|9l|). See Appendix |A] for the 
proof. This description is used in § [4.1.1| (and in § [2.4.4 ) to discuss the Chern character and 
Riemann-Roch for matrix factorizations. 

2.1.2. Narrow part FJRW invariants. In this paper all stacks are defined over C. By a pointed 
orbicurve, we mean a proper and connected one-dimensional Deligne-Mumford stack C which 
has only nodes as singularities, which is equipped with distinct marked points o~i, . . . ,a n on 
the smooth part of C, and which has stabilizers only at the marked points and the nodes. We 
always assume that every node of an orbicurve is balanced (see [§])■ For a positive integer 
d, a pointed orbicurve C is called d-stable ]ll|] if the associated pointed coarse curve \C\ is 
stable and if all the stabilizers at the nodes and the marked points are isomorphic to For 
a pointed orbicurve (C, a±, . . . , a n ), we define an invertible sheaf wi og on C by 

wiog = P* (w|c|(°"i H 1" °Vi)) 

where oj\q\ is the dualizing sheaf of the coarse moduli space \C\ and p: C — > |C| is the natural 
map. In other words, u\ og is the sheaf of logarithmic differential forms on C with poles only at 
marked points and nodes such that the sum of residues at each node is zero. A d-spin structure 
on a pointed orbicurve C is a line bundle L — > C together with an isomorphism ip: L® d = u)\ og . 

Write W{x\, . . . , x^) = Yl\=i c i YljLi x T lj > w here Ylf=i ,i — l, ■ ■ ■ ,1 are mutually distinct 
non-zero monomials. A W -structure on a pointed orbicurve C is a collection of line bundles 
Li, ... , Ljv (corresponding to the variables x%, . . . , xn) on C together with isomorphisms 

N 

(8) w. (gj-Lf* : ^ log , i = l,...,l. 

3=1 

This generalizes the notion of a d-spin structure. (See Remark |2.2| .) Since IF is weighted 
homogeneous of degree d, a d-spin structure L — > C gives rise to a IF-structure by setting 

Lt = L® m \ i = 1 JV. 
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It is isomorphic to the Jacobi ring C[j/i, . . . , yn\/{d\f, ■ ■ ■ , d„f), but notice that fi(/) is not a ring. 
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A VK-structure does not necessarily arise from a d-spin structure in this way, but in this 
paper we restrict our attention to a VF-structure coming from a d-spin structure^. Let L be 
a (f-spin structure on a (f-stable pointed orbicurve C. The stabilizer at a marked point 
a acts on the fibre L a via a homomorphism fi d —> C x , which is of the form t i— > t k for a 
unique < k < d. We call the rational number age f7 (L) := k/d S [0, 1) the age of L at a. 
The generator £ G /x d acts on the fibre of the associated ^-structure (L®"" 1 , . . . , L (XlM ' JV ) at 
a by ((^i, . . . } £ fc «>iv). hence [ n this case we regard the marked point a as corresponding to 
the sector H(W, For < k\, . . . , k n < d — 1, define Sping n (k\, . . . , k n ) to be the moduli 

stack of d-stable orbicurves C of arithmetic genus zero and with n marked points a\, . . . ,a n 
endowed with a <i-spin structure L — > C such that age^L) = ((fej + l)/d): 

(9) Spml n (h,...,k n ) = [(C]<r 1 ,...,a n ]L; ( p: L® d ^ o; log ) | age CTi (L) = (^)j /isom. 
The stack is smooth, proper and of Deligne-Mumford type (see for more details). 

Remark 2.2. The definition (S) of a VK-structure originates from the Witten equation, which 
is a system of PDE for sections Si £ C°°(C, Li), i = 1, . . . , N: 



dsj + 9,-W(si, . . . , sat) = 0. 

The equation makes sense under (|8]) and a suitable choice of a Hermitian metric on Lj (see 
p3| ). When all the marked points correspond to the narrow sector, the zero sections are only 
possible solutions to the Witten equation |23| , Theorem 3.3.8] and the FJRW invariant is the 
Euler class of the obstruction bundle over the moduli space of VF-curves. 

Let it: C — > SphiQ n (k\, . . . , k n ) be the universal orbicurve and C — > C be the universal 
d-spin structure. When k{ + 1 G Nar for all i, H°(C, L® w i) vanishes for all j = 1, . . . ,N for 
(C; ai, . . . , a n ; L; ip) G Spino in (A:i, . . . , k n ). Therefore (§)f = i R 1 TT if (C' &w ^) is locally free and we 
will use it as the obstruction bundle. Let be the first Chern class of the line bundle on 
Sping n (k\, . . . , k n ) whose fibre at a point (C; a\, . . . , a n ; L; if) is the cotangent space T*. \C\ 
of the coarse curve \C\ at o"j. The narrow part descendant FJRW invariants are defined to be 

n N 

(10) K(<fe), . . • ,T 6n (0fe n ))o, j n Rw := / n^un^op^^)), 

J[Sping n (fci,...,fc n )] i=1 - =l 

where 0fc 1 , . . . , 4>k n € H nar (W, fj, d ) (i.e. ki + 1 G Nar) and b%, . . . , b n > 0. We sometimes omit to 
from the notation, e.g. writing (<£ fel , . . . , 0jfc n )J J n RW for (r o (0 fcl ), . . . , td^jO)*™ The FJRW 
invariants satisfy the homogeneity ( [p4| , Dimension Axiom in §4.1]) 

n 1 

(11) (r 6l (ai), . . . ,T6 n (a n ))o^ RW = unless + - deg a») = n + c - 3, 

i=l 

where c := — 2 is the central charge. Again the invariants ([!(]) differ from the original 
definition [p3] by the factor of 1 /d. See Appendix pi. 



Remark 2.3. Polishchuk-Vaintrob |5j] recently gave an algebraic construction of FJRW theory 
based on matrix factorizations. They constructed a fundamental matrix factorization on the 
moduli space which plays the same role as the virtual fundamental class. The role of matrix 



This is because we are interested in a generic weighted homogeneous polynomial W. More precisely, we can 
add to W a weighted homogeneous Laurent polynomial Z so that the group of diagonal symmetries preserving 
W + Z is exactly fi d ; then every (W + Z)-structure comes from a d-spin structure. This means that the group 
fi d is admissible in the sense of |24, §2.3]. 
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factorizations in our paper is different from theirs, but it would be interesting to study the 
relationships. 



2.2. GW theory. The GW theory for orbifolds has been developed by Chen-Ruan |10|] in 
symplectic category and Abramovich-Graber-Vistoli Q in algebraic category. We will work 
in the algebraic category. For the details, we again refer the reader to these original articles. 

2.2.1. State space. The state space of orbifold GW theory is given by the Chen-Ruan coho- 
mology group of the orbifold. We explain the case of the Calabi-Yau hypersurface X\y C F(w). 
Set ' 

# := {0 < / < 1 1 fwj £ Z for some 1 < j < N} 
= {0 < / < 1 \fd G Z, fd (£ Nar}. 

In the second line we used the Gorenstein condition (i.e. Wj \ d). An element / G ^ gives rise 
to the stabilizer exp(27ri/) along the substack ¥(w)f C ¥(w): 

P(se)/ == [{(c N hd \ {o}) /c 

where recall that (C N )k is the subspace of fixed by ( k = exp(27ri/c/d). The inertia stacks 
IXyy are defined to be 

IP(w) = [J F(w) f , 1X W = \_\ (F(w) f n X w ). 

The Chen-Ruan cohomology Hc^(X\y) is defined to be the cohomology of the inertia stack: 
Hcr(X w ) := H(1X W ;C) = ($H(F(w) f n X w - C). 

The degree of a € H k (F(w) f nX w ), as an element of Hqji(Xw), is defined to be 

N 

dega = k + 2^(fwj) . 

3=1 

Let inv: f(w)f = P(wO(i-/) denote the natural isomorphism. For ct\ G H(F(w)f H and 
02 G #QP(?£)(i-/) nXif), we define 



(12) («i,a2)= / «iUinv*a2. 

We set («i,a 2 ) = if a x G i^P^)/, n X w ) and a 2 G i?(P(u;) /2 n X w ) and fi + f 2 £ Z. 
Then (•, •) defines a graded symmetric non-degenerate pairing on i/cR^w)- 
The ambient part H^^Xyy) is defined to be the image of the restriction map 

Hamb(Xw) := Im (i* : ff C R(P(^)) = #(IP(«0) "> # = H C r(X w )) . 

Let 1/ G H(F(w)f n denote the identity class on f(w)f D 1^ and p = ci(C(l)) denote 
the hyperplane class on P(w). The ambient part is spanned by p l lf, < i < Jj{l < j < 
N | /u>j £ Z} - 1, / £ 5 as a C-vector space. The pairing (■, •) restricts to a non-degenerate 
pairing on H am b(Xyy) and H am ^(Xw) is orthogonal to the complementary primitive part 
H pti (X w ) : = Ker(i* : H CK {X W ) -> tf CR (P(™))). 
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Remark 2.4 (Comparison of state spaces). The FJRW and GW state spaces can be identified 
with, up to the Tate twist, the relative Chen-Ruan cohomology (Chiodo-Nagel |fL2"[): 

H(W, n d ) = % {[C N /» d ], \W-\1)/^) 

Hcr(X w ) = H CK {0 ¥(M) (-d),W- l (l)). 

The first identification follows immediately from the definition. The second identification 



follows from the Thorn isomorphism. Here W : Ov(w)(~d) C is the function in §1.1. Note 
that the pairs (Op( tu )(— d), W~ l {l)), ([C /fj, d ], [W _1 (l)//i d ]) are connected by a variation of 
GIT quotients. Chiodo-Ruan j[4j showed that there exists a bigraded isomorphism 

H™(W,n d ) = H™{X w ) 

which preserves the pairings on the both-hand sides. In this paper, we will construct a graded 
isomorphism (preserving the pairing) 

which depends on a point of the Kahler moduli space. (Note that the narrow/ambient part 
has no (p, q)-Hodge component with p ^ q.) See Remark [2,22| . 

2.2.2. GW invariants. For n > and (3 € H2(\X\y\,7j), let (-XV)o,n„a denote the moduli 
stack of genus zero, n-pointed, degree (3 stable maps to X\y (it is denoted by K,Q tn (X\v,j3) in 
PR). This carries a virtual fundamental class [(^iy)o,n,/3]vir £ H*((Xw)o,n,pl Q)- We have the 
evaluation map at the ith marked point 

evj : (Xw)o,n,/3 - ► TX W 

where IXyy denotes the rigidified cyclotomic inertia stack (see [0). Because the underly- 
ing complex analytic spaces of TXyy and IXyy are the same, we can define the pull-back 
ev* : Hcr(Xw) — > H{{Xw)q^). Let ipi be the first Chern class of the line bundle over 
(-XV)o,n,/3 whose fibre at a stable map is the cotangent space of the coarse curve at the ith 
marked point. The orbifold GW invariant is defined to be 

„ n 

(13) (r6 a (ai),...,r 6 „K))g^:= / Rev*^)^. 

Here ai,...,a n G Hcr(Xw) and bi,...,b n > 0. Again we sometimes omit tq from the 
notation. The orbifold GW invariants are also homogeneous. The invariant ( |l~3|) vanishes 
unless Y^i=\(Pi + \ deg a{) = n + c — 3, where c := — 2 as before. 

2.3. Quantum cohomology and quantum connection. We can associate the quantum 
cohomology rings to both of the FJRW and the GW theories. The quantum ring of the 
FJRW theory is defined over C, whereas the quantum ring of the GW theory is defined over 
the Novikov ring A := C[Eff]. It is the completion of the group ring C[Eff] of the semigroup 
Eff C H2(\X\y\,Z) consisting of classes of effective curves. For j3 G Eff, we denote by 
the corresponding element in A. In § [2.3.2 below, we see how the divisor equation reduces the 



ground ring to C (by setting Q" = 1) for the GW theory. The construction here is standard 
and can be applied to any (genus zero) cohomological field theories with homogeneity. See 



In order to describe the quantum rings of the both theories in a uniform way, we use the 
following notation. Let K denote the ground ring. It is C for the FJRW theory and A for the 
GW theory. Let H denote the state space. It is H(W, n d ) or Hcr(Xw) ® A. Let {T;}f =0 be 
a homogeneous basis of H. We choose Tq to be the identity class, i.e. Tq = 1q £ H(X\y) in 
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the GW theory and T = G H(W,n d )i in the FJRW theory. We set g tj = (T^Tj) and let 

(g* J ) denote the matrix inverse to (gij). We writef] 

(14) 

, (T , (T , S j {n x (T^ ), . . . , t k (T in ))™ w for FJRW theory; 

(Tbl( Hj ' ' ' ' > nAliJ)o > n ~ \E, eEff KC^), • • • ,r bjl (r 4 J) G ^ QP for GW theory. 

Let t°, . . . , t s denote the co-ordinates of H dual to the basis Tq, . . . ,T S such that t = Y^t=o t l Ti 
denotes a general point on H. We regard H as a supermanifold such that i l has the parity 
|i| = degTj mod 2 and odd co-ordinates anticommute t l P = (— l)^hH % . Let if[i] denote 
the tensor product of the formal power series ring in even variables and the exterior algebra 
in odd variables, i.e. K\t\ = K\t l : even] (g># Ajc((B|i|-odd Kt l ). The quantum product • is a 
if [ij-bilinear product on H <g> K\t\ defined by 

(15) T t .T 3 = j2J2^ T ^ T ^---^)o,n + s9 kl Ti. 

fc,l=0n>0 

This is super-commutative and associative by the WDVV equation. We call (H ® if [<],•) 
the quantum cohomology ring. The identity of the product • is given by To. The quantum 
connection is the set of operators V», i = 0, . . . , s on H <g) K\t\ defined by 

da 1 

(16) Via = — + -Ti • a, a e H ® K[t\. 

ot l z 

Here z G K x is a parameter. The associativity of the product • implies that these operators 
supercommute, i.e. VjVj — (— l)'*"- 7 ' VjVj = 0. We regard the quantum cohomology H ®K \t\ 
as the trivial vector bundle over the formal neighbourhood of the origin in H and V as a flat 
connection on it with parameter z. Moreover, we can extend the connection in the z-direction 
because of the homogeneity in the FJRW/GW theory. Define a section E € H ® K\t\ by 

E:=J2(l-±degT?j t%. 

This corresponds to the Euler vector field^ Ya=q (l ~~ \ degTi) t l -J=~. By abuse of notation, 
we also denote the vector field by E. It defines the half of the grading of variables: degf := 
2 — degTj. Let Gr denote the grading operator 

GrCZJ) :=^T, 

The connection V z in the z-direction is defined to be 

_ da 1 ,_, 1 _ . , 

V z a = — t;E • a + - Gr(a) 

oz z^ z 

for a function a = a(z) taking values in H <g) Kit}. We have [V 2 , Vf] = 0, i = 1, . . . , s. 
We have a canonical solution of the quantum connection. Define L G End(if) <8> if 

by 

s l 

(17) L(t,z)a = a+ ^ Yl n \(- z )b+i ^ a )^^ •••»*, ^W+2 g' Jr j- 

i,j'=ln>0 6>0 



^Note that the FJRW correlators are not defined for n = 0, 1,2 (since the moduli spaces are empty), but 
the GW correlators still exist for these n because the degree j3 can be non-zero. We set the correlator to be 
zero when the subscript (0, n) or (0, n, 0) is not in the stable range. 

^Since we are working in the Calabi-Yau case, the term ci(X) vanishes. 
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This is an invertible endomorphism satisfying the following differential equations: 
Proposition 2.5. For a € H , we have 

V 4 (L(t, z)z~ Gr a) = 0, V z (L(t, z)z~ Gr a) = 0. 
For ai, OL2 £ H , we have 

(L(t, -z)ai, L(t, z)a 2 ) = (ai,a 2 ). 

Proof. These are well-known in GW theory (see e.g. |{40| , Proposition 2.4]) and can be proved 
similarly for FJRW theory. So we only sketch the outline of the proof in the case of FJRW 
theory. The equation Vj(L(i, z)z~ Qr a) = is a formal consequence of the Topological Re- 
cursion Relation (TRR), as shown in |5l| , Proposition 2] for the GW theory. The TRR in 
FJRW theory is proved in 0, Theorem 4.2.8]. The equation V z (L(t, z)z~ Gr a) = follows 
from the homogeneity ( [Tit) of FJRW invariants. Since L(t, z)a.i is flat in the i-direction, 
the pairing (L(t, —z)a±, L(t, z)a 2 ) does not depend on t. Therefore (L(t, —z)ai, L(t, z)a 2 ) = 
(L(0, —z)ai, L(0, z)a 2 ) = {pt\, a 2 ). □ 

2.3.1. Restriction to the narrow/ambient part. Recall that the state space H is decomposed 
as H nSLl (W, n d ) © H hvo (W, n d ) for the FJRW theory and as H &rah (X w ) <g> A © H pii (X w ) ® A 
for the GW theory. In this section, we denote this decomposition as 

H = H' H" 

where H' denotes the narrow/ambient part and H" denotes the broad/primitive part. The 
decomposition is orthogonal with respect to the pairing (•, •). Moreover we have the following. 

Proposition 2.6. For a\, . . . , a n G H' and 7 € H" , we have 

(r 6l (ai), . . • ,T6 n (a n ),r c (7)) 0)ri+1 = 0. 

In particular, H' is closed under the quantum product • when the parameter t is restricted to 
lie on H' ; The quantum connection V and the fundamental solution L{t,z) preserve H' as 
far as t € H' . 

Proof. Because of the deformation invariance, we can assume that W is of Fermat type W = 
x d/ w i _|_..._|_ x ^ Wn _ Then the maximal diagonal group of symmetries preserving W is given 

as G max = {(zi, . ..,z N )\ zf Wl = 1} = n d/m x • • • x fi d / WN . The G max -action on naturally 
lifts to the state space H. We claim that H' is the G max -invariant part of H: 

and that H" is the sum of non-trivial irreducible G max -representations. The proposition 
follows from this claim and the G max -invariance of the correlator: 

(T bl (gai),...T bn (ga n ),T c (g<y)) Qn+1 = (r 6l (ai), . . . , n n (a n ), T c (j)} ^ n+1 , g G G max . 

First we show the claim for the FJRW state space. We use the description of H(W, H d )k 
as the Jacobi space Q(Wk) IJ ' d given in ([?]) If k S Nar, the sector H (W, fi d )k is obviously G max - 
invariant. Assume that k £ Nar. Then each element of H(W, n d )k can be represented by a 
sum of monomial Affc-forms of the form Y\kqi&( x V dxi) with < < d/wi — 2. But each 
summand spans a non-trivial irreducible G max -representations and the claim follows. 

Next we show the claim for the GW state space. Each twisted sector has a decom- 
position H(F(w)f n X w ) = H amh (¥(w)f n X w ) © H pli (F(w) f n X w ). It is obvious that 
H^mb^iw) } nATw) is G max -invariant. The primitive part H pT i(¥(w) f n%) is isomorphic to 
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Gr^ £T JV *- 1 (W r - 1 (l)) for k = fd (see [0 p.216]), which is fT(W, (see Appendix |A|). Now 
the claim follows from the same reason as the previous paragraph, since k = fd £ Nar. □ 

Remark 2.7. The fact that the ambient part is closed under the quantum product (in GW 
theory) is shown Corollary 2.5] in general for complete intersections in orbifolds. 

2.3.2. Divisor equation and the specialization Q = 1. In orbifold GW theory, we have the 
following Divisor Equation Theorem 8.3.1]: 

(r 6l (ai),... J r 6n (a n ),p)^ li/3 = <p,p) (r 6l (ai), . . . ,r bn (a n ))^ 

+ E ( T bi( a i)^-^ T b 1 -i(a i ),...T bn (a n ))^ l3 , 

i:bi>0 

where p = ci(0(l)) is the hyperplane class on Xy/ in the untwisted sector. We choose the 
homogeneous basis {Tj}f =0 such that To = lo and also that T% = p. The divisor equation 
implies that 

k,l=0 n>0 /3eEff 

where if = X^i^^i- Therefore, the specialization Tj • Tj\Q=\ makes sense as an element of 
HcR{Xw)<S>'Cle tl l w , t'\. Here w is the least common multiple of iwi, . . . , wjy (so that Opr w ){w) 
is a pull-back from the coarse moduli space |P(W)|). Similarly, the specialization Q = 1 of the 
fundamental solution L(t, z) gives 



L(t, z)a 



Q=l 

i,i=l n>0 b>0 /3gEff v 7 

This is an element of End(tf C RpM) ® CJe* 1 /'", t^t 1 ]!* -1 ] and gives a fundamental solution 
to the quantum connection V|q=i. In this way the divisor equation reduces the ground ring 
from A to C. 

2.4. Quantum D- modules and integral structure. Here we define the narrow/ambient 
part of the quantum L>-module and introduce a certain integral structure on it. In this 
section we entirely work over C. Let H denote the state space over C and H' C H denote the 
narrow/ambient part: 

(H naT (W,fz d ) for FJRW theory; 
1 j ' [H amh (X w ) for GW theory. 

Recall that H' is closed under the quantum product by Proposition |2.6| . Let {T , T%, . . . , T r } 
(r < s) be a homogeneous basis of iT' such that Tq is the identity. It is, for example, a 
reordering of the basis {<fik~i \ k G Nar} (FJRW theory) or the basis % > 0, / G 5} (GW 

theory). For the GW theory, we choose Ti to be the hyperplane class p = C\{0{1)). Let 
. . . , t r } denote the dual co-ordinates and t = Y7i=o denote a general point on H' . The 
parity of these co-ordinates are all even. In this section, the parameter t is restricted to lie on 
H' unless otherwise stated. Also in the GW theory, we set the Novikov parameter Q to 1 in 
the quantum product •, the connection V and the fundamental solutions L(t, z) as done in 
§|2lO. 
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2.4.1. Convergence assumption. We assume that the quantum product Tj • Tj , < i, j < r 
are all convergent power series. This means 

Ti • Tj G H' ® C{t°, t 1 , . . . , f } for FJRW theory; 

T, • ^ G #' (8) C{i° , e* 1 /u> , t 2 , . . . , f } for GW theory. 

Let U C H' denote the domain of convergence of the product •. For the FJRW theory, U is 
of the form 

< e, (Vi)} 

for some e > 0. For the GW theory, U is of the form 

{Kit 1 ) < —M, \f \ < e, (Vi + 1)} 

for some e, M > 0. In practice, we do not need to assume the full convergence of the product. 
One can consider the quantum .D-module over a submanifold of U where the product • is 
convergent. In our case, we show in §5.2 that the quantum product • is convergent on the 
image of the mirror map. When Xw is a manifold, we show the full convergence in §5.5 for 
the both GW and FJRW theories. 

Note that the convergence assumption imply that V and L(t, z) are analytic in t G U and 
zGC x . 



2.4.2. Quantum D-module. Let U C H' be as in §2.4.1. The quantum D-module here is 
defined as a meromorphic flat connection over U x C. Let z denote the co-ordinate on the 
second factor C and ir : U x C — > U denote the projection to the first factor. Let (— ) : U xC^ 
U x C be the map sending (t,z) to (t, —z). 

Definition 2.8. Let F = H' x (U x C) — > U x C be the trivial vector bundle with fibre H'. 
Let V be the meromorphic flat connection (quantum connection) on F 



i=0 

which can be regarded as a map 



V = d + - ^(7>)df + (--(£•) + Gr) — 



V: 0{F) 0(F)(U x {0}) ® (n*n}j © UxC ^) . 

Here 0(F)(U x {0}) denotes the sheaf of holomorphic sections of F with at most simple poles 
along {z = 0} = U x {0}. Let P be an 0[/ x c-bilinear pairing 

(-)*0(F) (8) 0(F) -)• z*0 UxC 

defined by 

P((-)* Sl ,s 2 ) := (2TTizf( Sl (t,-z),s 2 (t,z)). 

Here c = dimX^y = N — 2 and (•, •) in the right-hand side denotes the standard pairing on 
the state space defined in @ and (|i~2"l). The pairing satisfies 

(-ifP((-y Sl , S2 ) = (-yp((-ys 2 , Sl ) 

dP((-y Su s 2 ) = p((-yvs u s 2 ) + p((-y Su vs 2 ). 

We call the tuple (F, V,P) the narrow part quantum D-module QDM nar (W, n d ) (in the case 
of FJRW theory) and the ambient part quantum D-module QDM^^Xy/) (in the case of GW 
theory) . 
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Remark 2.9. In and [|(], Definition 2.2], the quantum connection V z g z in the z-direction is 
shifted by — c/2 so that it makes the ordinary pairing Pj (2niz) c flat. In this paper, we adopt 
the convention in [41, Definition 3.1] because it is more compatible with mirror symmetry. 

Remark 2.10. The quantum L>-module here is a (TEP(c)) structure in the sense of Hertling 
|33| , Remark 2.13]. Moreover, by the given trivialization, F is extended over U x P 1 as a trivial 
vector bundle and thus gives a (trTLEP(c))-structure Definition 5.5]. In the context of 
LG/CY correspondence, it is more convenient to consider the connection over U x C since 
the extensions across z = oo do not match under analytic continuation. 

Remark 2.11. Over the degree two subspace H' 2 C H', the narrow/ambient part quantum D- 
module gives rise to a variation of Hodge structure, the so-called (narrow/ambient) A-model 
VHS Q §6.2]. This is defined to be the restriction of (F, V) to the subspace (H' 2 nU) x{z = 
1} equipped with the decreasing Hodge filtration 

& A .- H <g> U H ,2 nU 

and the polarization 

Q A (a,/3) = (2vrir((-l) de g/ 2 a,/5). 

2.4.3. Galois action. The quantum D-module has an important discrete symmetry which we 
call the Galois action. This symmetry is also compatible with mirror symmetry. 

Proposition 2.12 (Galois action in FJRW theory). Let H be the FJRW state space and H' 
be its narrow part. Define the linear map G: H — > H by 

The map G preserves H' . Without loss of generality, one can assume that the convergence 
domain U C H' is preserved by G. The bundle map Gf- F — > G*F defined by 

G F : H' x (U x C) — ► H' x (U x C) 

(a,(t,z)) ^ (e- 2 ^ d G(a),(G(t),z)) 

preserves the connection V and the pairing P. We call it the Galois action of the narrow part 
quantum D-module. 

Proof. For a (f-spin structure L — > C on a pointed orbicurve (C, a%, . . . , a n ), we have deg(L) — 
Y17=i a § e o-j (L) G Z. Thus the moduli space Sping n (ki, . . . , k n ) is empty unless 2 + ^™ =1 ki = 
mod d. Therefore we have 

<r bl (G(<fe)), . . . ,r fen (G(0 fc J)}™ = e 2 ^ d (r 6l (0 fcl ), . . . ,r 6n (^J}™ W 

for fei + 1, . . . , fc n + 1 G Nar. This fact and the formula (||) of the pairing show that 

C(«i) •G(t) G(a 2 ) = G(a\ m t a 2 ) 

for a±, a.2 G H' . Here the subscripts of • denote the parameter of the quantum product. The 
statement follows easily from this. □ 

Remark 2.13. Since the FJRW invariants in our case are (regardless of narrow or broad) 
certain intersection numbers on Sping n (k±, . . . , k n ), the same argument shows that the Galois 
action preserves V and P defined on the full FJRW state space H. 
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Proposition 2.14 (Galois action in GW theory: f5)|, Proposition 2.3]). Let H be the GW 

state space and H' be its ambient part. Define G: H — > H to be the affine-linear map 

G{a) = e 2wif a - 2vrip, for a £ H(F(w) f n X w ), f € 

T/ie map G preserves H' . Without loss of generality, one can assume that the convergence 
domain U C H' is preserved by G. The bundle map Gf'- F — > G*F defined by 

H' x (U x C) — > H' x (U x C) 
(a,(t,z))^(dG(a),(G(t),z)) 

preserves the connection V and the pairing P. Here dG is the differential (linear part) of G. 
We call it the Galois action of the ambient part quantum D -module. 

Proof. In |]40| , Proposition 2.3], the Galois action was defined for each orbifold line bundle. 
The map Gf here arises from 0(1). □ 

Via the Galois action, the quantum D-module (F, V, P) over U x C descends to a flat 
connection on the quotient space (U/(G)) x C. We denote it by (F, V,P)/(G). 

2.4.4. Integral structure. The T-integral structure in (orbifold) GW theory is introduced in 
@, §2.4], H, §3-1]- We generalize it to the case of the FJRW theory for (C^, W,fJ, d ). 

Definition 2.15. (1) In the FJRW theory, the Gamma class Tfjrw £ End(il) is defined to 
be 

d-l N 

r F jR W :=0n r ( 1 -^)) 

fc=0 8=1 

where qj = Wj/d and the kth summand acts on H(W, /^)fc by the scalar multiplication. 
(2) In the GW theory, the Gamma class Tgw £ End(iJ) is defined to be 

n£ir(i-(M)+^p) 



GW 



T(l + dp) 
fed y F ' 



where p = c\(0{\)) is the hyperplane class and the summand indexed by / € # acts on 
H(P(w)f n Xw) by the cup product. 



Remark 2.16. Libgober [45| observed that the Gamma class arises from periods of mirrors of 
Calabi-Yau hypersurfaces. 



We introduce a flat section associated to a graded matrix factorization of W (see § |4.1| ) or 
a vector bundle on X\y. We use the Chern character map 

d-i 

ch: MF& d (W) -»■ niWk)^ H(W, fi d ) for FJRW theory; 

k=0 

ch: D b (X w ) -> ifcR(^w) for GW theory. 

The Chern character for a matrix factorization (due to Walcher |34|] and Polishchuk-Vaintrob 
pKp will be explained in § |4.1.1 and we use the isomorphism ©fZg Cl(Wk) ,J ' d — H(W,fi d ) in 
Proposition 2.1. The Chern character for a orbi- vector bundle is the "stabilizer-equivariant" 
version which appears in the Kawasaki- Riemann-Roch formula. For ch: D b (X\y) — > 
Hcr(Xw), see for instance [EH, §2.4] where it is denoted by ch. 
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Definition 2.17 (T-integral structure). Let deg : H — > H be the degree operator without 
the shift ("bare" degree operator): 

deg \H{W,y, d ) k ■= ( N k ~ 2) id H{Wtfld)k for FJRW theory; 
deg \H"(F(w) f nx w ) ■= nid H n {¥{m)fnXw) for GW theory. 

Let inv : H — >• H denote the map induced from the natural isomorphisms 

H(W, n d ) k = H(W, fi d ) d _ k for FJRW theory; 

H(F(w) f n X w ) H(P(w) {1 _ f) n X w ) for GW theory. 

Let £ be an object of MF^ d (W) (in the case of FJRW theory) or an object of D b (X w ) (in 
the case of GW theory). We define a V-flat section s(£) by 

(19) S(£)(t,z) := ^i^L(t,z)z- G T((2^i) ± ¥ tt inv*ch(^)) 

where T, L(t, z) and ch(£") are the Gamma class, the fundamental solution ( Jl7[ ) and the Chern 
character in the respective theory. It is clear from the definition that s(£) depends only on 
the numerical class of £. When ch(f ) 6 H', s(f ) defines a flat section of narrow/ambient part 
quantum D-module. Define the Z- local system over U x C x by 

F z ■= {s(£) | ch(£ ) G H'} C T(U x C x , 0(F)f 

where £ ranges over objects of MF|f d (W) or D b (X w ). (Note that ch{£) lies in H, but not 

in H' in general.) We call this the T-integral structure of the narrow/ambient part quantum 
Z)-module. 

Remark 2.18. The degree deg is even on the image of the Chern character map. In fact, the 
Chern character takes values in the (p,p)-part. See Remark [Q| . 

Proposition 2.19. (1) The T-integral structure is preserved under the Galois action, i.e. 

e- 27r±/d G(s{£)(G' 1 (t),z)) =s{£(l))(t,z) for FJRW theory; 

dG(s(£)(G^ 1 {t),z)) =s(£<8)0(-l))(t,z) for GW theory, 

where £(1) is the shift of the grading of £ by 1. In particular, Fz defines an integral structure 
on the quotient (F,V , P) / (G) . 
(2) We have 

P((-)*s(£),s(T)) = (-l) N - l x(£,F) for FJRW theory; 
P((-)*s(£), 5 (P)) = X (£,P) for GW theory, 

where x{£-,F) := ^ iGZ (— 1)* dimHom(£', J 7 ^]) is the Euler pairing of MF^ r (W) or of 
D b (X\v). In particular, P takes values in Z on F%. 

Proof. The proof relies on the Hirzebruch-Riemann-Roch formula in each category. We explain 



the case of FJRW theory. See []40|, Proposition 2.10] (or |4l|, Definition 3.6]) for the case of 
GW theory. For Part (1), since the Galois action preserves V, it suffices to check the equality 
at t = (see Remark |2.13| ). It follows from L(0, z) = id and 

e -2n±/d G ( iny * ch( ^ = iny * c h(£(l)). 
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Next we show Part (2). Setting = f ((2vri)^ inv* ch(£)), we have 



P((-)*s(£),s(7-)) = (2Tri)- £ z £ ((-z) Gr ^(£),z Gr ^{T)) by Proposition ^5 

d-l ( N 

= (2^)-^ n r ( i - (**»r(i - ^- k )^)) i ( 2 ^) N ' 2 

k=0 \j=l 



x (-lJ-^-i+Ei^) ((inv* ch(£)) fc , (inv* ch(7")) 



d-l 



where ch(F)k denotes the component of ch(J r ) in the sector H(W, and we used the 
equality T(l — x)T(x) = it/ sin(7rx). Note that ch(J 7 )fc vanishes if Nk is odd. By Proposition 
|2.l| , we can write the last expression in terms of the residue pairing: 

e( n i _ e L {kqj) ) (-1)^-1)*^^* (ch(g)d- fc ,ch(j-) fc) 

where we used the fact that the degree of ch(J-)fc as an element of Vt(Wk) ild is (Nk/2)d (see 
Remark |4.4|), This equals (— 1) _1 x(£, F) by Hirzebruch-Riemann-Roch Theorem |4.6|. □ 



Remark 2.20. In Proposition p. 19 , we do not need to assume that ch(£) £ i7' or t € iJ'. 

2.5. Statements of the main results. Let v be an inhomogeneous co-ordinate of P(l,d) 
such that u = oo is the /i^-orbifold point. Then u = v~ l l d gives a uniformizing co-ordiante 
around the orbifold point (LG point). Set M. := P(l,d) \ {v = 0, v = v c }, where v = 
is the large radius limit point and v = v c := d ~ d Y\f=\ wj j is the conifold point. We write 
(— ) : M x C z — > M x C z for the map sending (v,z) to (v, —z). 

Theorem 2.21. There exists a locally free sheaf T over M x C z with a meromorphic flat 
connection V ( with simple poles along z = 0) 

V:F^F(M x {0})®fikxC., 
a V -flat, symmetric and non- degenerate pairing 

P: (-)*F ® F ^z £ MxCz 
and a Z-local subsystem F% of the same rank over M x C* 

such that the following holds: 

(i) For a small open neighbourhood C/fjrw = {\u\ < e} G M of the LG point, we have a 
mirror map r FJKW : £/fjrw H£ sr (W, fi d )/{G) such that t pjrw = — u<f>\ + 0(u 2 ) and 



where in the right-hand side appears the narrow part quantum D-module (Definition $.8J of 
(C N , W, fi d ) equipped with the T -integral structure (Definition 2.17) and G is the Galois action 
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(ii) For a small open neighbourhood C/qw = {M < e} C M of the large radius limit point, 
we have a mirror map r GW : C/gw ~~ ^ ^lmb(-^-w) I '(G) such that t gw (v) = plogv + 0(v) and 

(.F, V,P,F Z ) - r* GW (QDM amh (X w )/(G)) 

where in the right-hand side appears the ambient part quantum D -module of Xw equipped 
with the Y -integral structure and G is the Galois action. 

Remark 2.22. Restricting the global L>-module (J-, V, P, F%) to z = 1, we obtain the analytic 
continuation between the narrow A-model VHS of (C^, W, p d ) and the ambient A-model VHS 
of Xw in Remark 2.11 . The fibre J~(x,i) a ^ ( x i 1) G M x C z has a well-defined filtration and 
a polarization 

^ p (Fr x u) = {v G FLi) | s v (z) has a pole of order < c — p at z = 0} 

Q(«l,«2) = ^(s«i(-l),«2), Wl,«2 G F{x,l) 

where s v (z) G H°(C* , F\ m xC x ) is a unique V-flat section such that s v (l) = v. The filtration 
and the polarization coincide with those of the A-model VHS near the respective limit point. 
By analytic continuation, we have an isomorphism of state spaces 

Q(x): (H nai (W,fj, d ),^lQ A ) (H &mb (X w ),^ p A ,Q A ) 

for a point x on the universal cover M. Taking the associated graded vector space with respect 
to J^"*, we can turn this into a graded isomorphism (preserving the polarization). Note that 
does not map the identity to the identity because of the factor F in the asymptotics 



In the case where the Calabi-Yau hypersurface Xw is a smooth manifold (e.g. ¥(w) = P™ 
or P(l, 1, 1, 1, 2), P(l, 1, 1, 1, 1, 1, 1, 2, 3), etc), we can use the reconstruction theorem to prove 
that the "big" quantum L>-modules are analytically continued to each other. Here the word 
"big" means the quantum D-module over the full narrow/ambient sector H' . This is used in 
contrast with the "small" quantum D-module which is the restriction of the big one to the 
image of the mirror maps. 

Theorem 2.23. Assume that Xw is a manifold. 

(i) The "big" quantum product of (C , W, /x d ) on the narrow part and the "big" quantum 



product of X\y on the ambient part are convergent in the sense of $2.4-1 



(ii) The global D-module (JF, V,P, F-£) in Theorem 2.2\ can be extended to a D-module 
(J-" ext , V ext , P ext , -F| xt ) over a base M e xt x C 2 , where A4 e xt is a complex manifold of dimen- 
sion rank J 7 which contains a Zariski open subset A4' of Ai. The extended D-module is 
identified with the "big" narrow/ambient part quantum D-module of the FJRW/GW theory 
in a neighbourhood of Uqw or C/fjrw- 

More precisely, there exists a locally free sheaf J- ext over A4 ex t x C z equipped with a mero- 
morphic flat connection \7 ext ( with poles of order two along z = 0) 

v ext : J** -> F*» (A^ext x {o}) ® (V^ cxt e M ^ xC 2 ^), 

where it: M cx t x C 2 4 A4 e xt is the projection, a V cxt -flat, symmetric and non- degenerate 
pairing 

and a 7,-local subsystem P| xt of the same rank over A4 e xt x 

Tpext r- / Text I \V ext 

c {J- | MextxC *J 
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such that the following holds: 

• (-F cxt ,V cxt ,P cxt ,F| xt )|^ = (?,V,P,F Z )\ M ,; 

• There exist open neighbourhoods of in M ey ± and open embeddings 

for *s? = GW and FJRW such that we have isomorphisms 

(.T x \ V ext , (-If- 1 !**, Ft^u^ = r;f nw *(QDM n3X (W, /x d )/(G» 
(7" ext , V cxt ,P cxt ,F| xt )|^ - T ^ / *{QDM siah {X w )/{G)). 

We choose base points bo, &oo £ M near the large radius limit point and the LG point such 
that bo, b^ £ K>o and < 60 <S 1 <C 600 • We choose paths 7cy > 7lg > To > 7i m .M as in Figure 
||. We also define (see also Figure ||) 

7/ := 7lg 7o 7cy> 7con := 7f X 7o 

for Z € Z. We adopt the convention that the composite 'ja 1b means the concatenation of 
at the end of 75. 

7i _ 

^ \7LG 

mVc 




7o 

Figure 2. Various paths in M 




Let N(X\v) denote the numerical K- group of Xyy. From the definition of the T-integral 
structure, the fibre at 60 of the global Z-local system Fz is identified with 

(20) N\X W ) := {E e N(X W ) \ ch(E) G H amh (X w )}. 

Similarly, the fibre at b^ of F% is identified with the group N'(W,fi d ) of numerical classes of 
matrix factorizations £ such that ch(£) € H nax (W, fi d ). 

Theorem 2.24. The monodromy of the global D-module (F, V, P, F%) defines the represen- 
tation of the quiver of Figure || given by the assignment bo i-> N'(Xy/), b^ i— > N'(W,fi d ) 
and 



7cy >— 


-> O(-l) 


w'(-XW) -> 




7LG 1- 


-> (1) 


N'(W,n d ) 


->jV(W,/i d ) 






N'(W,fi d ) 


-> iV'(%) 


7con 1 


To 


N'(X W ) -) 





where 0{— 1) denotes the tensor product by 0(—l), (1) denotes the shift of the grading by 1, 



<I>; denotes the Orlov equivalence (§4-!t) defined for I € Z aneZ 7© denotes the Seidel-Thomas 
spherical twist ( §5. by the structure sheaf. ( See § |5.6| /or a further discussion on the lift of 
the monodromy representation to category equivalences.) 
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3. Computing FJRW theory 



We compute FJRW invariants attached to narrow state space entries. In we provide 
an extension of the definition of the invariants to a larger state space. The new invariants are 
zero on the extended part, but arise as the non-equivariant limit of the ey-twisted invariants. 



In §§3^2 3^4, we calculate the twisted invariants (or more precisely the /-function) using 



Chiodo-Zvonkine's results [16] and Givental's symplectic formalism [27] 



3.1. Extending FJRW theory. Define the extended narrow state space (or simply the 

extended state space) to be 

d 

(21) H cxt = 4>k-iC = H nar (W, n d ) 4> k ^C. 

k=l fc^Nar 

We extend the grading of H nar (W, fj, d ) by setting (cf. @) 

N N 

(22) deg0 fc _! = 2J2((k- 1)<&> = 2N k + 2 £ (kg,) - 2 

3=1 3=1 

with qj := uij/d. The relevant moduli stack is Spmg n (A;i, . . . , k n ) defined as in @, but for 
k\, . . . , k n E {0, . . . , d — 1}. Its universal curve tt : C — > SpinQ n (k\, . . . , k n ) is equipped with a 
universal d-spin structure C and a line bundle M.% = 0(T>i), where T>, L C C denotes the divisor 
of the ith marking. The extended obstruction K-class is defined to be 



-JtxAQU^') for C = C <g> M v 

where M = &fi = i-M-i. Let p: C — > C denote the morphism forgetting the stack-theoretic 
structure along all the markings T>\ , . . . , T> n (but not along the nodes) . Then we have 

age^OC) = — , C 9 =p u) 
for the relative dualizing sheaf 57 of W : C — > Sping n (ki, ■ ■ ■ , k n ). 

Proposition 3.1. For any fibre C of C, we have H°(C,£® w j\ c ) = 0, j = 1, . . . , N. As a 

consequence, R l ir*{C® Wj ) is locally free and the extended obstruction K-class is represented 
by a vector bundle. 

Proof Because Wj divides d, £® w j is a root of p*ZJ. On the other hand, we have H°(C,p*Zu) = 
H°(C,Zo) = because the genus of C = p(C) is zero. Hence C® Wj \c does not have nonzero 
global sections either. □ 

We define the extended FJRW invariants to be 
(23) MKh---,nM)Z RW ' ext ■■= [ (fl*?) Uctop l® 

J[8pm$ tn {ki,...,kn)] V~-i / \ . 

for (f)^, . . . , (J)^ lying within the extended state space H cxt . 



vi=l / \j=l 



Proposition 3.2. The above invariants vanish if one of the entries <^/ Cl , . . . , 4>k n does not be- 
long to the narrow state space H aaT (W, fi d ) . Otherwise (t^ (^ ),..., Tb n (4>bn))o n ' ext equals 

in, {<t>kx ),•••, Tbn (fan ) ) 0,^ • 
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Proof. The proof parallels the argument of [l3| , Lemma 4.1.1]. Let us compare C® w i and C® Wj 
after push- forward via the morphism p : C — > C forgetting the stack-theoretic structure at the 
markings. We getQ 

(24) = MC^) O (-Efc^+^ea^) , 

where C C is the divisor supported on the ith coarse marking. Therefore, if (ki + l)vjj d7L 
for all i, we have R 1 iTi f {C® W: >) = R 1, K 1f {C® W: >). This shows the second claim above. 

The vanishing condition in the statement holds when {ki+l)wj G cE for some 1 < z < n and 
some 1 < j < N. This simply means that C® Wi \x>i is pulled back from the coarse divisor T>i. 
On the other hand £® w i is a root of wi og and 0Ji O g\vi — Cx>» via the residue map. Therefore, 
ci(C® Wj \x>i) = and hence c\{p if {C® W: >)\^) = in the rational cohomology group. 

Set T = From @, T(©*)b 4 = P*^®^')!^ has the vanishing 1st Chern class. 

Write the exact sequence 

o > t ► TtPi) > T(Vi)y. > o 

and the induced exact sequence of vector bundles 

(25) > W* (T(Vi)\v t ) ► R x n*T > R x n*T(Pi) > 0. 

The vanishing c top (R 1 7r*(£,® w i)) = c to p(-R 1 7f*7") = follows from Cl (T(Vi)\^.) = 0. Note 
that, in order to get (p5|), we need to show that T{T>i) has only trivial sections on each fibre 
C of C. For a = d/wj, we find that T(Vi) m = uJ(Vi - £^ a (k/a) %) which is a subsheaf 
of uJ(T>i). It is easy to see that H (C,ui(T>i)\-^) = for a genus zero curve C by induction on 
the components (see pf). Therefore fl°(C,T(©i)|^) = 0. □ 

3.2. Twisted FJRW theory and Givental's formalism. Let K = C[s] denote the com- 

(7) 

pletion of the polynomial ring C[s k 1 1 < j < N, k > 0] with respect to the additive valuation 

v{s { i ] ) = k+i. 

We define the ring K{z,z~ x } of adically convergent power series in z by 



K{z,z 



1 } = (e«- 

InGZ 



a n G iT, v(a n ) — >• oo as Inl — > oo 



Define K{z} (resp. -ftT{z -1 }) to be the subring of K{z,z -1 } consisting of non-negative (resp. 
non-positive) power series in z. We introduce a symmetric non-degenerate pairing (•, -) s on 
H cxt K taking values in K: 

(26) (<t>hAk)s = 2\ II exp (~ S J) ) I 5 h+k,d-2, 

\j:((h+l) qj )=0 ) 

where 5h+k,d~2 is 1 if h + k = d — 2 (d) and otherwise. Through the entire section we adopt 
the convention that the index is reduced modulo d to the suitable range {0, . . . , d — 1}. 



ii 



To see this, use p*p*£ = £ ® 0(— ^ a S e -D ) f° r an invertible sheaf £ on C. 
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Definition 3.3 (Givental's symplectic space). Givental's symplectic space is the space 

equipped with the symplectic form 

n s (fi,f 2 ) = Re Sz= o(fi(-z)J 2 (z)) s dz. 

The space H has a standard polarization % = %+ © H~, where % + = H cxt ® K{z}, H- = 
H cxt (8> z^ 1 K{z^ 1 } are isotropic subspaces of H. This polarization allows us to identify 7i 
with the total space of the cotangent bundle of 1-L+. 

For the basis {4>k}t=o of H ext , we write g^ k for (4>h,4>k)s and g^ k for the coefficients of the 
inverse matrix. A general point of % can be written as q + p with 

d-l d-1 , 

fe>0 fe=0 fc>0 h,k=0 ^ ' 

Here {q^,p b ,k \ b > 0,0 < k < d - 1} can be regarded as Darboux co-ordinates on %. 



Definition 3.4 (Twisted FJRW theory cf. |]20|). Consider the universal characteristic class 
of the extended obstruction iT-class: 



oo 

(28) e(s)=expl 8®<h l <$txj2* w i) I € ff*(Sping >n (fci, . . . , k n ); C) ® K 

\l<j<N 1=0 J 

and define the twisted FJRW invariants as 

(29) (r bl (^ 1 ),...,r bn (A n ))l n = [ (f[^]Ue(s). 

J[Spix4 tn (k 1 ,...,k n )] \ i=1 J 

The twisted FJRW invariants are encoded in the generating function 

j_ki t^ n 

(30) F s = E M<P kl ),...,r bn (h n )) S o, n ^-'" ' 



6i,...,6„>0 

0<fcl,...,fc n <S 

This is a formal power series in infinitely many variables | < k < d - 1, b > 0}. 

The twisted FJRW invariants here are a generalization of the extended invariants (23). 

Definition 3.5 (Givental's Lagrangian submanifold) . We relate the variables {t k } of Fq and 
the co-ordinates {q£} on %+ by the following dilaton shift: 

q k b =-5 l A + t k b . 

Then Fq can be regarded as a function defined on a formal neighbourhood of — z<j)Q E H+. 
The graph of dFg defines a Lagrangian submanifold of {%, fi s ): 

(31) £ s := |q + p € U p b , k = — °-, b > 0,0 < k < d - lj . 



The submanifold C s can be defined as a formal scheme over K. See [17, Appendix B]. 
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(7) 

3.2.1. The untwisted theory. Consider the case where sf ' = for all 1 < j < N and I > 0. 
Then e(s) = 1 and the associated correlators give the so called untwisted invariants 

„ n 

r bl (0 fcl ),...,r b „(^J)^= / 

ifSDin^f/d k n )] ~J[ 

if n — 3 = Ya=i b and 2 + Ya=i ^ € dZ, 



'[Spiii£ n (fci,...,/c„)] - =1 

(32) ri(Er=i^)! 



d &i!---6 n ! 

otherwise. 

The generating function Fq 11 of untwisted invariants are defined similarly to ( |30[ ) . The pairing 
(•, -) s an d the symplectic form £l s specialize to 

(</>fc,</>h)un = -j S d-2,k+h, ^ Un (/l,/2) = ReS z=0 (fl(-z), f 2 (z))undz. 

The Lagrangian submanifold £ un C (H, f2 un ) is defined as the graph of dFJj n as in (Here 
one should use as Darboux co-ordinates the one given by the untwisted pairing g^ = {(j)^, <f>h)un 
instead of g% h , cf. @.) 

Since the untwisted invariants are the usual intersection numbers on A^o.td the generating 
function Ffj n satisfy the well known tautological equations: String Equation (SE), Dilaton 
Equation (DE) and Topological Recursion Relations (TRR). Givental [27 showed that these 
three equations for a genus zero potential Fo are equivalent to the following geometric prop- 
erties for the graph C of the differential dFo: 

• C is a cone in T~L with vertex at the origin p = q = (with the dilaton shift q% = 

— 5\5q understood); 

• The tangent space T to C at any point on £ satisfies zT = £flT; Moreover the tangent 
space to C at any point in zT C £ equals T. 

We refer to these properties as Givental 's geometric properties for C In particular, C un 
satisfies Givental's geometric properties. 

3.2.2. The twisted theory. The Lagrangian submanifold C s was determined by Chiodo- 
Zvonkine [16]. Define a linear symplectic transformation A: (H,Vt nn ) — > (%,f2 s ) by 

d-1 / N 

(33) A = 0exp ££*l 



„(j) (jiQj) + Qj) j 

1 , & 



i=0 \j=l l>0 v 

where B n (x) is the Bernoulli polynomial defined by Y2ri=o B n {x)z n /n\ = ze zx /(e z — 1). 
Theorem 3.6 (Chiodo-Zvonkine 0). We have C s = A(£ un ). 

Because Givental's geometric properties are preserved by a linear symplectic transforma- 
tion, the generating function Fq of twisted FJRW invariants satisfies SE, DE and TRR. 

The adaptation of 119] to our context was explained in [13, Proposition 4.1.5]; we omit the 
details. 

3.3. Family of elements on the Lagrangian cone. The twisted J -function is a family of 
elements lying on C s parametrized by t = J2k=o ^o'Pk € H cxt ® K: 

(34) J*(t, -z) = -zfr + t + £ E E n\ ( *' • • • ' *' Tb ^ k)) lr l+ i S^TzSbr- 

n=2 6=0 0<fc,/i<d-l ' ^ ' 



26 ALESSANDRO CHIODO, HIROSHI IRITANI, AND YONGBIN RUAN 

Here J s (t, —z) € H is characterized as a unique point lying on C s with the property: 
(35) J s (t,-z) = -<p z + t + O(z- 1 ). 

It is known that the J-function reconstructs the cone £ s itself via Givental's geometric 
properties. Here we will find another explicit family of elements (/-function) on C s . 

The J-function J un G C un of the untwisted theory ( |3.2.1 ) is the specialization of (34) at 
s = 0. Using (|32|), we calculate 



J™(t,-z) = J2 J™(t,-z), 

k=(fc ,-,fc d -i)ez| 

where CT.-^)= ( _ 2 ; k| _ 1 fa) fa r ( t 1 ) ! *»* 
with |k| = J2i=o ki and /i(k) = Yli=o ^i- Introduce the modification factor M^(z) by 

MM = J] exp j - Yl s0) + + m ) z ) ) ' 

i=i \ 0<m<Lg 3 ft(k)J / 

where s^)(x) = X^n>o s ™ x n /n\ and define the twisted I-function by 

(36) / S (M)= ^ MMJ™(t,z). 

fco,...,fc d _x>0 



Using Theorem 3.6, we get the following statement. 

Theorem 3.7. The family t h-> I s (t, —2) o/ elements ofH lies on C s 



Proof. The discussion here is parallel to [17, Theorem 4.8] and [|T^, Theorem 4.1.6]. We give 
a sketch of the proof and leave the details to the reader. Introduce a function 

m,l>0 

with s^j = and set D := Yli=o ^o(^A^o) - Givental's geometric properties for the cone £ un 
yield the following fact (see |~7], Eqn (14)] and (l3|, Lemma 4.1.10]): 

Lemma 3.8. The family t ^ exp(- J^jLi GgJ(^Qj D , z))J un {t, -z) lies on £ un . 

We apply to the family in Lemma |3.8| the symplectic transformation A: (H, ft un ) — > (H, Jl s ) 
in (33) to obtain a family of elements on C s . Using the properties 

G^(x,z) = G { J \x + yz,z), G { j \x + z, z) = G${x, z) + s«(x) 
of the function Gy\x, z), one can easily check that 

I s (t,-z) = Aexp {-YjG^{zq 3 D,z)\ J un (t,-z). 



The conclusion follows from Theorem 3.6. □ 
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3.4. The twist by the equivariant Euler class. Let T = (C X ) N act on the extended 
obstruction bundle (B^Li R l Tt if {C® Wj ) diagonally by scaling the fibres and trivially on the 
base Sping n (/ci, . . . , k n ). Then the T-equivariant Euler class ex is given by 

(N \ JV r j 

3=1 J j=ll=0 

with Tj = rank(/? 1 7r*(£®"'-')) and the equivariant parameter Xj € flj.(pt). This class can be 
obtained from the universal class e(s) (g^) by the substitution: 



s l 



(?) _ J ~ lo s A i 1 = °; 

\(/-l)!(-A,)-' Z>0. 

With this choice of parameters, we obtain 

• The ex-twisted pairing as the specialization of (^q) : 



>h-<>k)uv -~ - 1 J3 | "./-2. A-!-/, : 

V i:( 9j (ft+1)>=0 

tw 



The ex-twisted FJRW invariants (17^ (^J, . . . ,Tb n (4>k n ))o W n as the specializations of 



• The ex-twisted J -function J tw (t,—z) as the specialization of (|34|); 

• The ex-twisted I-function /^(ti, z) as the specialization of ul s {— u<j>\,z) (see (|36|)): 

, . tw , r x ._ ^ fc IIjLino<6< g ,-fc,(6)=( g ,-fc>( A j ~ 6z ) , 

(37) i [u,z):=zyu = —— (pk-i- 

k=1 Llo<b<k\ oz ) 

It is clear that the non-equivariant limit A,- — > of the ey-twisted FJRW invariants yield the 
extended invariants (p3|). 

(i) 

Remark 3.9. Note that the specialization s = — log Xj does not make sense for every element 
in the ground ring K. For this reason, we do not try to define the e^-twisted Lagrangian 
submanifold. The specializations of the I- and J-functions, however, still make sense as 
elements of H ext <g> C[z, z'^Xf, . . . , A^] [tg, . . . , t^ 1 }. 

The cr-twisted /-function has the following z-asymptotics 

(38) / tw (u, z) = zF(u)4> + G(u; A) + 0(z _1 ) 

where F is a scalar valued function and G is an //^-valued function (where denotes the 
degree < 2 part of H exb ). We define the FJRW mirror map to be the //^-valued function: 

,(u;X) = ^p^ = -u<j )1 + 0(u 2 ). 
F(u) 

We now state the mirror theorem for the e-r-twisted FJRW theory. 

Theorem 3.10. We have J tw (?(u; X),z) = I tw (u, z)/ F(u) for the function F(u) in (Mj. 



Proof. Because of the problem we discussed in Remark |3.9|, we use another specialization 



s^p = s, , where 



1 ■ \ (I - l)!(-A^)-* l>0. 
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This specialization defines a well-defined homomorphism K — > C[A _1 ] := CJA^ 1 , . . . , A^ 1 ] 
and the characteristic class: 

The Lagrangian cone £ s can be defined as a formal scheme over C[A _1 ] and I s (t, —z) is lying 
on L s by Theorem 3.7. After some computation, we find that J tw and I tw are related to J s 
and I s as 

J tw (M) = i?(A)J%R(A)-4,z) 
I tw (u, z) = R{X)uP (-uRiX)- 1 ^, z) 

where R(X) : i^ cx t — > #ext is defined by R(X)<ph = (Tlf=i \- j^h- If is also eas Y to check 
that I s (—U(f)i, z) has the asymptotics 

for a scalar valued function F = 1 + 0(u) and a i/^-valued function G. Here the functions 



F, G appearing in ( p8| ) are related to F, G as 

(40) F(u) = uF(X q u), G(u) = uR(X)G{X q u) 

with X q = Y\f = iX 9 j J . Because C s is a cone and I s (— u<j)i, — z) is on C s , we have (we regard 
I s (—U(pi, —z) as a C[A _1 ] [u]-valued point on C s and apply [[[7], Proposition B2]): 

_L J»(-«^, -*) = -z0o + |^ + O(^) € Z* 
F(it) i< (u) 



By the characterization ( |35| ) of the J-function, this coincides with J s (G(u)/F(u),—z). The 
conclusion follows from this and the relations (|39|), (]40|). □ 



3.5. The e^x -twisted quantum connection. Here we discuss the e^x -twisted quantum 
cohomology for both of the FJRW and the GW theory. We show that the non-equivariant 
limit A — > of the e^x -twisted quantum product exists and reduces to the original one ( |f5| ) 
restricted to the narrow/ambient part. In the rest of the paper, we only consider the e^x- 
twisted theory as a twisted theory. Thus the word "ecx -twisted" is sometimes abbreviated 
as "twisted". 



3.5.1. A brief summary of the e^x -twisted theory. We mean by the e^x -twisted FJRW theory 
the er-twisted FJRW theory (§|3.4j) with the equivariant parameters Ai, . . . , A at specialized to 
the following values: 

Ai = -qiX, i = l,...,N. 

The e C x -twisted pairing [4>h,4>k)tw and FJRW invariants (r fel (^ fcl ), . . . , t k (</>fc n ))o,i RW ' tw take- 
values in C[A]. (We have put the superscript "FJRW" to distinguish them from GW invari- 
ants.) 

The e C x -twisted GW theory |l7], |(], ^ for F(w) is defined on the state space Hcr{W(w)) = 
H{T¥(w)). We consider the twist by the line bundle 0(d). Let P(w)o,n,/3 denote the moduli 
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stack of n-pointed stable maps to F(w) of genus and degree (3. Let it: Co, n ,/3 — ► ^(w)o,n,/3 be 
the universal curve and let /: Co,n,/3 —> W(w) be the universal stable map: 



P(w)o,n,/3 

It can be shown that M.ir*f*0(d) is represented by a vector bundle. (This is because 0(d) 
is ample and 0(d) is pulled back from the coarse moduli |P(u;)|.) The e^x -twisted GW 
invariants of F(w) are defined to be 

„ n 

KCai),..- ,r fen (a n )) G ^ w = / \\ ev^)^ U e c * (R7r,/*0(d)), 



i=l 



where aj, . . . ,a n E -ffcR^C?^)) an d C x acts on Rir*f*0{d) by scaling the fibre. This is an 
element of iTcx(pt) = C[A]. We endow Hcr(F(w)) with the following twisted pairing 



(ai,a 2 )tw= / aiUa 2 Ue C x(pr*0((i)) 

Jl¥(w) 

where pr: IP(w) — > ¥(w) is the natural projection. 

3.5.2. Twisted quantum product. We denote by H the state space of the twisted theory: 

JiJext for FJRW theory; 

| For (P(w) ) for GW theory. 



H := 



The both state spaces are of dimension d. The same procedure as §2^3 defines the twisted 
quantum cohomology. The e^x -twisted quantum product » tw on H is defined by the formula 
(li~5l ) with the correlators (• • -) Q replaced by the e^x -twisted invariants and {gij) replaced by 
the e C x -twisted pairing. Because the divisor equation holds also for the twisted GW theory, 



we can consider the specialization Q = 1 for » tw (see § 2.3.2j ). In the GW theory, we shall 



denote by • the twisted quantum product with Q already specialized to 1. 



Let H' denote the narrow/ambient part (18) of the state space. Let pr denote the natural 
projection 

pr: H — ► H'. 

Let Tq, . . . ,Td-i be a homogeneous basis of H such that To is the identity (To = 4>q in 
the FJRW theory^ and To = lo in the GW theory). In the case of GW theory, we take 
T\ = p = c\(0(l)). Let t ,... , denote the linear co-ordinate on H dual to the basis 
Tq,... , Td-\. 

Proposition 3.11. The e^x-twisted quantum products are regular at A = 0, i.e. 

T . tw Tel-® C[A]It °' • • • ' ^ for FJRW theory; 

1 3 \H ®C[A][*°,e* 1 / , ' , ,* 2 J .. .,^-1] for Gromow-Witten theory. 



Here w is the integer appearing in §2. 3 A . Moreover we have 



(41) hm pr (Ti .\ w Tj) = pr(T,) . pr(i) pr^-) 



12 The element 4>q is the identity in the twisted FJRW theory because of the string equation (see §3.2.2) 
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where the product in the right-hand side is the ordinary quantum product on the nar- 



row/ambient part in §2.4 and the subscripts t G H, pt(i) G H' denote the parameter of 
the product. 



Proof. This was proved in [41, Corollary 2.5] for the GW theory, so we only discuss the case 



of the FJRW theory. The e C x -twisted FJRW quantum product can be written as 

d-l 



• tw ^=EE^ M*>*> ■ ■ ■ . <sr ( d n A ■ ' 



J 



Vd-2-k 



fc=0n>0 \ j:((k+l) qj )=0 

with Xj = —qjX. To see that this expression is regular at A = 0, it suffices to show that 
(t 6i (0fci ),..., n n (cf) kn ))o^ RW,tw G Yl Aj J C[Ai,...,Ajv] ; l<Vi<n. 

\j:{(ki+l) qj )=0 J 

This happens because eT(R 1 TT*£® Wj ) is divisible by Xj as soon as d divides {ki + l)u>j. This 
follows from the fact that R l ir*C® Wi contains the sub-line bundle 7f*(T(Pj)|^.) whose equi- 
variant 1st Chern class is Aj. See (25). 



Using Proposition ^ and the fact that the e^x -twisted invariant equals the extended 
invariant ( p3|) in the non-equivariant limit A — > 0, we have 

(42) lim (T bl (<P kl ), . . .,T b M kn )f ?n W ' tW = MM^)), ■ ■ .,T bn (M<PkM 3 n W ■ 



The equality (^l|) follows easily from this. □ 

3.5.3. Twisted quantum connection and the fundamental solution. The e^x -twisted quantum 
connection is defined similarly to (|^) : 

r) 1 

V7tw _ 1 rp tw 



By Proposition [3.11 , e^x -twisted quantum connection is regular at A = 0. The non-equivariant 



limit is called the e-twisted quantum connection. In contrast with the untwisted case, the 
connection V tw cannot be extended in the z-direction since the variable A has a degree. 

Let L tw (t,z) denote the canonical fundamental solution of the connection V tw defined by 
the same formula ( |T7| ) with (• • -) 0n , gij there replaced with the twisted counterparts. This 
satisfies (part of) the properties in Proposition |2.5|: 



Proposition 3.12. For a,ai,ct2 G H, we have 

V* w L tw (£, z)a = 0, (L tw (t, -z)ai, L tw (i, z)a 2 ) tw = (a u a 2 ) tw . 



Proof. The outline of the proof is the same as Proposition |2.5| . It suffices to show that the 
twisted theory satisfies TRR, but this follows from Givental's geometric properties (see § 3.2.2j ). 



See also the discussion in [41, Proposition 2.1] for the pairing. □ 

Remark 3.13. The above proposition shows that V tw is flat. It in turn shows that » tw is 
associative. (The commutativity of « tw is clear from the definition.) 

Because L tw satisfies the differential equation regular at A = 0, it follows that L tw is also 
regular at A = (see also fll], Proposition 2.4]). 



L tw (t,z)€{ 



fEnd(tf) ® C[A][t°, . . . ,t d - l }{z- 1 ] for FJRW theory; 

|End(F) ^CfA]^ ^* 1 /™,* 2 ,...,^- 1 ]^ 1 ]^- 1 ] for GW thoery. 
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Let L(t,z) denote the fundamental solution ( |17|) in the original FJRW/GW theories. (For 
the GW theory, we specialize Q to 1.) We have the following: 



Proposition 3.14. 



lim pr (L tw (t, z)a) = L (pr(t), z) pr(a). 



Proof. It was shown in |f4l| , Proposition 3.24] for the GW theory. For the FJRW theory, the 
equality follows easily from (0). □ 



3.5.4. Twisted J-function. Recall from § |3.3| that the J-function ( |34T ) is a special family of ele- 
ments lying on the Givental Lagrangian cone. The e^x -twisted J-function is defined similarly: 

(43) J tw (i, ^^o + t + EEE ^TT <*>•••>*> ^)C + i sfe 

n>0 b>0 i,j=0 

where (5tw) denotes the inverse of the twisted pairing matrix g^J = (T%, Tj) tw - (In the case of 
GW theory, as in (0), we also take the summation over curve classes /3 (see [|l7], Eqn (8)]). 
Then we specialize it to Q = 1 using the divisor equation.) The following relation of L tw and 
J tw is a key to understand the role of the J-function in the quantum D-module. 



Proposition 3.15. L tw (t, z) J tw (t, z) = zT( 



o- 



Proof. By Proposition |3.12| , we have L tw (t,z) 1 = L tw (t, — z)* where * denotes the adjoint 
with respect to the twisted pairing. Thus we have 

(T^L^zp^ToXw = (T h L tvi (t,-zyzT ) tw = (L tw (t, -z)T h T ) tw = (T h J tw (t, z)) tw , 

where the last equality follows directly from the definitions (17), (|43| ) of L tw and J tw and the 



string equation. The conclusion follows. □ 
4. ORLOV EQUIVALENCE MATCHES MELLIN-BARNES ANALYTIC CONTINATION 

4.1. Matrix factorizations. Matrix factorizations were originally introduced by Eisenbud 
[22 1 for the study of maximal Cohen-Macaulay modules. Recently Kontsevich proposed that 
they form the category of B-branes in the Landau-Ginzburg model. References are made to 
||||,||,|9|,||,||,g]. The article || contains a nice introduction to the subject. 

We introduce the differential graded (dg) category of graded matrix factorizations of a 



degree d weighted homogeneous polynomial W 6 C[xi, . . . , xjv] from the introduction § 1.1 
Set R := C[xi, . . . ,xn]- Notice that R is a Z>o-graded ring by degXj = Wi. 

Definition 4.1 (Graded matrix factorization |35|,[64j], [^, §3.1]). A graded matrix factor- 
ization of W is a collection (E l ,5i)i^z of finitely generated graded free i?-modules E l and 
degree- zero homomorphisms 5i € Hom gr _/j(i^*, E i+1 ) 



such that it is 2-periodic up to the shift of grading 

E i + 2 = E l (d), 8 i+2 = 8i(d) 

and that 5i+i o 5i = W ■ id E i : E l — > E t+2 = E l {d) for all i. This is equivalent to the data 
E°, E 1 , 5 G Hom gr _ i? (E°,E 1 ), <5i G Hom gr . ii (E 1 , E°(d)) such that St o 5 = W ■ id E o and 
5o(d) o 5i = W ■ id E i. These data are denoted also by (E, 5 E ), where 

E:=E°eE\ 5 E :=(j o ^ : E -> E satisfying 5 E = W-\d E . 
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These form a dg category MF^ d (W). For graded matrix factorizations E = (E l , 5i)i^z an d 
F = (F l , ^)j 6 2, the space of homomorphisms is defined to be the Z-graded vector space 

Hom'(E,F) = {(f n ) neZ | /„ G Uom gr _ R (E n ,F n+ '), f n+2 = / n (d)} 
equipped with the differential 

(d/)„ = S' n+ . o /„ - (-l)'/n+i o S n , f G Hom'(£,F). 
The homotopy category MFjjJ (W) := H°(MF& (W)) forms a triangulated category. 

Remark 4.2 ([^, §4.4]). The lower index in the notation MF^ (W) emphasizes the fact that a 
graded matrix factorization is automatically /x^-equivariant. The /^-action on R is defined by 
Q-Xi = Q~ Wi Xi, where ( = exp(2-7ri/d) G /x d . For a graded matrix factorization E = (E l ,5i)i £ z, 
we define the /z^-action on £ ! by ( ■ e = C _n e for e G (E l ) n . Then the i?- module £7 l is 
linearized and Si is /x rf -equivariant. 

We introduce a graded Koszul matrix factorization (see §2] for the ungraded case). 

Definition 4.3 (Graded Koszul matrix factorization). Suppose that W is of the form 

N 

(44) W = J2 a i b i 

i=l 

for homogeneous elements a^bi G R such that deg(aj) + deg(6j) = d. Let V be the graded 
vector space (BiLi with deg(ej) = — deg(aj). For gGZ, the graded Koszul matrix factor- 
ization {a, b} q is defined by the data 

k 

E i = R® (*G=*2 + g ), 5 f = ^ + 4': J B i -^S i+1 ) »6Z, 

fc=i(2) 

where <5(,' are the Koszul differentials: 

JV AT 

j'=i i=i 

Observe that the grading is shifted so that the map <5j preserves the degree. Note also that 
{a,b} q = {a,b} (q). 

4.1.1. Hirzebruch-Riemann-Roch Theorem. For graded matrix factorizations E, F of W, we 
write x(E,F) for the Euler characteristic 



^(-l) fc dim# fc (Hom*(£,F),d) . 



This can be computed via Hirzebruch-Riemann-Roch (HRR) due to Walcher |64j and 
Polishchuk-Vaintrob |3j|] for G-equivariant matrix factorizations. To this effect we need to in- 
troduce the Chern character taking values in the orbifold Jacobi space ©f=o fi(W&)'* ti , which 
is identified with the FJRW state space by Proposition 2.1. Let aft , . . . , Xj N denote the 

co-ordinates of the £ fc -fixed part (C N )j. where £ = e 27ri//ci . For a graded matrix factorization 
E = (E,5 E ) G MF Md (VF), we define g Theorem 3.3.3] 

d-i 



ME) := 



k=0 



stT R [d h 8Eod j2 SEO---od jNh S E o( J daft A • • • A da; 
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Here we take a free basis of E = E° © E 1 over R = C[xi, . . . , xn] and regard 5e as a 
matrix with entries in R; the supertrace str^(/) of an operator / € End/j(£') is defined to 
be tr(/o,o) — tv(fi t i), where f a ,a- E a — > E" 7 , a = 0, 1 are the components of /. The right 
hand side are meant to be the class in © fc Zg fi(Wfc) and lies in the //^-invariant part. This is 
independent of the choice of a co-ordinate ordering or the choice of a basis of E. 

Remark AA. Let ch(E)k denote the £l(Wk) lld component of ch(E). For a graded matrix fac- 
torization E, one can see that ch(£')fc vanishes if 2V& is odd and ch{E)k is of degree (Nk/2)d. In 
terms of the Hodge decomposition, the component ch.(E)k has the Hodge type (iVfc/2, Nk/2). 

Example 4.5. For a general weighted homogeneous polynomial W, we can write W = 
J2f=i a jbj with aj = qjdjW, bj = Xj (qj := Wj/d). The Chern character of the graded 
Koszul matrix factorization {a, b} q of W is supported on the narrow sector. In fact, by a 
direct calculation, we obtain 

(45) ch({a,b} q ) = C qk ( n^-C^) ] 0fc-i- 

fceNar \i=l / 

See Proposition 4.3.4] where {a,b}o is denoted by fc st . These Chern characters span the 
narrow part H nilT (W, fj, d ). 



Theorem 4.6 (Walcher |&§ §5], Polishchuk-Vaintrob g Theorem 4.2.1]). For E,F E 
MF^ d (W), the Euler characteristic x(E,F) is given by the formula: 

(46) E( II r ^](-l)' : ^iRes w ach(E) fc ,ch(F) d _ fc ). 

fc=o yfcuij^dz ^ J 

Here ch.{E)k denotes the Q(Wk) fJ ' d -component ofch(E). 

Proof. Because Polishchuk-Vaintrob considered the G-equivariant (ungraded) matrix factor- 
izations over the ring of formal power series, we need check that the Euler characteristic does 
not change under the base change from the polynomial ring to the formal power series ring 
for graded matrix factorizations. Set R = C{x±, . . . ,xn}. For (E, 5e), (F, 5f) € MF^ r d (VF), let 

(E, 5e) = (E, 5e) ®r R, (F, $f) = (F, 5f) <S>j? R be /x rf -equivariant matrix factorizations over 
R without the Z-grading. We have the identification as Z/2-graded complexes: 

Horn* ((eJ e ),(fJf)) =0.^ (2) Hom^(( J E,fe),(F,5 F )), aeZ/2, 

where the completed direct sum consists of arbitrary sequences of homomorphisms bounded 
in the negative direction. Hence the cohomology is again the completed direct sum of the 
cohomology H J (Hom'((E, 5e), (F, 5f)))- The HRR for the left-hand side implies the finite- 
dimensionality and the boundedness of the cohomology of the right-hand side, and the HRR 
for the right-hand side as well. □ 



Remark 4.7. Dyckerhoff [21[ identified the Hochschild homology of the category of matrix fac- 



torizations over a formal power series ring with the Jacobi space of the potential. Polishchuk- 



Vaintrob [53] observed that the Hochschild homology can be identified with the FJRW state 



space in the G-equivariant case. The Chern character naturally takes values in the Hochschild 



homology and the Riemann-Roch formula was derived in the categorical framework in [53] 
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4.2. Orlov equivalence. Under the Calabi-Yau condition d = Y2f=i w ji Orlov |50| , Theorem 
2.5] constructed the equivalence of triangulated categories 

(47) <f> r . MF^(W) D b (X w ) 

parametrized by I £ Z. Consider a graded matrix factorization E = (E l ,Si)i^i of W 

?1 ^ _ cnO/ j\ S 2 =S (d) 



>E ^E l ^E z = E^d) z uy ' ) E A = E (d) 

and set 

S = R/(W) = C[ Xl ,...,x N }/(W). 

By tensoring the above data (E l ,5i)i<=z with S over R, we obtain an acyclic (see Eisenbud 
[22 1 and Buchweitz Q) complex 

a-xss^ o fegg^ i ^ s ) C 2 = c o (d) ^ g ; C 3 = c i (d) feg^ ... 



By construction we can extract from C a positively graded and left semiinfinite complex L*. 
To this effect, after expressing each C % as a direct sum of S-modules of the form S(k) for some 
k € Z, we mod out the S-modules of the form S(—e) with e < 0. More precisely we may 
notice that i? and E 1 have the same dimension and can be expresses as 

E °= a(-iA). *K-ih). 

l<h<r r+l<h<2r 

In this way we have C° = x <^< r S(-jh), and C 1 = r+1 < A < 2r and 

C*= 5(dLi/2j-i h ) 

l<A-2r(i/2)<r 

(note that 2r(i/2) equals or r according to the parity of i). Then, the definition of L' reads 

Lh= S (d[i/2\ - j h )) . 

l<h-2r{i/2)<r 
d\i/2\<j h 

Since C is acyclic, L' is represented by a bounded complex of coherent sheaves. For simplicity, 
we stated the definition of the positively graded complex L'. For any I G Z, we can define L' 

as 

(48) Lf= S(d[i/2\- Jh )). 

l<h-2r(i/2)<r 
d[i/2}-j h <l 

This amounts to extracting from each C l , only the S'-modules of the form S(—e) with e > I. 
We have the following statement. (We stress that the equivalence of categories holds only 
under the CY condition d = Y2j=x w ji which we assume throughout the paper.) 

Proposition 4.8 (Herbst-Hori-Page p2| , §10.6, (10.56-58)]). The Orlov equivalence 

<f> r . M¥^ d {W)^D h (X w ) 

for I € Z assigns to (E,5e) £ MF? (W) the left semiinfinite complex fl48|) 

i?ere the graded module S(k) in L' is identified with the sheaf 0(k) on Xyy- 
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Remark 4.9. We point out that there are two presentations of $>i(E,5e) in the derived cate- 
gory. Because the complex C is acyclic, the left semiinfinite complex L* can be equivalently 
represented by the (complementary) right semiinfinite complex (L°)*[l], where 

(49) (Lff= S (d[i/2\ - j h )) . 

l<h-2r{i/2)<r 
d\i/2}-j h >l 

Remark 4.10 (Herbst-Hori-Page brane transportation). Although we will not use this in the 
rest of the paper, we should mention that Orlov functors can be constructed, for R = R[p] 
and W = pW, by lifting the /x rf -action to a C x -action and by obtaining in this way a graded 
and C x -equivariant matrix factorization in MF^ r x (Ty). Clearly /^-actions are not uniquely 
lifted to C x -actions; we need an extra datum of an integer parameter I. This point of view 
due to Herbst, Hori, and Page explains the presence of several Orlov functors <3?/ for I € Z. 
From MF^ X (W) a natural functor leads to D b (X w ), see §2|. 



We apply Orlov's functor <3?/ to the graded Koszul matrix factorization {a, b} q from Example 
(see also Definition |4.3|) . 

Proposition 4.11. The image via <3?; of the graded matrix factorization {a, b} q in Example 



4-3j is represented by the complex on Xyy 

0(l + m-^ r a=1 w ja ) ejl A ---Ae ir [r + l + 2t] 



Jl<?2 <••<> 



equipped with the Koszul differential 5'1 = Y^j=i x j L ( e t)- Here t and m denote the integer 
quotient and remainder of q — I divided by d. 

Proof. Write (E 1 , 5j), e z = {a, b} q . Let us consider E l ®r S 

(50) S®(/\v){^ + q ). 

re1\r=i(2) 

where V = ©, = i Cej with deg(ej) = — deg(aj) = Wj — d. Each summand is of the form 

(51) © s(-E: =1 deg(e Ja ) + d -^l + q)= S (- «i. + ^ + <?) ■ 

jl<-<jr 31<-<0t 

By Proposition [4.8| and Remark [4.9| we can regard the image via of the Koszul matrix 
factorization {a, b} q as the (complementary) right semiinfinite complex (Lf)*[l]. The terms 
S(h) appearing in the above formula contribute to Lf if and only if /i > Z; therefore we consider 
the inequality 

h = - ^ w ja + — —d + q>l, 
a=l Z 
which can be rewritten as (using q — I = td + m) 

■ i r 
i + r v-^ 

m + td+ — — d > l^ w ia- 

L 0=1 

Since Eo=l w Ja nes in {0, ... , d} by the CY condition d = Y2j=i w ji we deduce that h > I if 
and only if either we have (i + r)/2 > —t (note i + r is even by (|50|)) or we have m > Ea=i w ja 
alongside with (i + r)/2 = —t. 
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Let us consider all terms of (|5l| ) for which (i + r)/2 > —t. Then, the summand of ( |5ll) 
attached to j\ < ■ ■ ■ < j r is of the form S(l + n — Yla=i w ja) with n > d. Such summands 
with fixed n form an exact sequence £' on X\y 



(52) 0(1 + ^^00(1111-^)^0 0(11 

ji <h 

O (l + n - A- C(/ + n - d) 

where we wrote 0(h) for <S(/i) following Proposition W^. Therefore, all together, the sum 



n — w-j, — w 



31 1X1 32) 



51' _ / \ 5" 



s®(/\y)(fcl +g 



r=t (2) 
(i+r)/2>-t 

gives an acyclic subcomplex of (Lf)'. It is acyclic because it can be written as a successive 
extension by the acyclic complexes £' of a complex supported on arbitrarily high homological 
degrees. The quotient of (Lf)' by this acyclic subcomplex consists of terms of (|5l|) with 
(i + r)/2 = —t and Y^a=i w j a — m - The conclusion follows. (Recall that we need to take the 
shift (Lf)'[l] by 1.) "" □ 

4.3. Twisted /-functions and Mellin-Barnes continuation. We provide two parallel 
discussions of the twisted /-functions for GW and FJRW theories. We show that the two 
/-functions satisfy the same Picard-Fuchs equation under a co-ordiante change. We compute 
the connection matrix between the two /-functions (or more precisely the i>functions) using 
the Mellin-Barnes method of analytic continuation. 

On both sides we systematically work with the e^x -twisted theories. On the Landau- 
Ginzburg side we already discussed the e^-twisted FJRW theory § |3.4| over the extended state 
space; its non-equivariant limit, followed by projection to the narrow state space, encodes 
the genus-zero correlator of FJRW theory. The counterpart on the Calabi-Yau side is the 
e C x-twisted theory of P(w), twisted by 0(d). It is treated and computed in genus-zero in fl9fl ; 
again, the non-equivariant limit, followed by the projection to the ambient part i/ am b(^4y) 



of the state space yields the genus-zero correlators in GW theory. (See §3.5 for a review.) 



4.3.1. The e^x -twisted I -functions. In (|37|), we introduced the e^-twisted /-function with 
equivariant parameters Ai,...,Ajv which encodes the genus zero twisted FJRW invariants. 
As we did in § |3.5.1| , we set Xj = —qjX, j = 1,. . . ,N for a single equivariant parameter A 
(where qj = Wj/d): 

rtw /„ ^ _ y sr „.fc Hf=i Uo <b <k qj ,(b)=(k qj )(-<ij x - hz ) 

j fjrw(. u > z ) — z 2-^i ff TZh7\ Pk-i- 

fcez^ llo<fe<fc,(6>=o^ oz > 

Here the index k — 1 of 4>k-i is reduced modulo d within the range {0, . . . , d — 1}. This takes 



values in the extended state space H ext in (|2lJ). 



The e^x -twisted /-function was computed in 



rtw / \ ploRv/z ST^ n Ho<b<dn,(b)=o( d P + A + hz ) 1 

Ic7w( v ' z ) = ze /> v n — ir — ^ — 1/ 



nG<Q> rij = l Ilo<i)<ii) i n,(i() = (ii) i n) ( W jP + 
3j, nwj £Z 
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This encodes the e^x -twisted GW invariants of P(w), twisted by the line bundle 0(d), and 
takes values in Hcr(P(w)). 

4.3.2. Picard-Fuchs equations. The /-function ipjgw is a solution of the Picard-Fuchs equa- 
tion 



(53) 



N Wj-l d 

U WX\ (.-QjzDu - qj X - cz) - Yl {-zD u + 

j=l c =0 c=l 
rtw 



CZ 



1 = 0, 



for D u = u{d/du). The /-function Iq^ is a solution of the Picard-Fuchs equation 



(54) 



N Wj-1 d 

] | ] [ (wjzD v - cz) - v Y[ (dzD v + A + 

3=1 c=0 



CZ 



c=l 



/ = 



for /)„ = v(d/dv) 

Under the change of variable u 



and conjugation with the operator 



-A/2 



X/dz 



the two equations coincide. This happens because we have dD v = —D u and v x ^ dz o (dzD v ) o 



j\/dz = d z D v + A. In particular the limits for A — > match under 



v = u 



(We remedy the 



discrepancy of the equivariant Picard-Fuchs equations by introducing the unit co-ordinate t 
(or s ) later in §5.2.) The components of each of the /-functions give a basis of solutions to 



the Picard-Fuchs equation for generic A (cf. Proposition 5.10 , Lemma 5.14 and (p5|) ) . 

4.3.3. The $)-functions. We introduce a constant linear transform of the /-function, the Sj- 
function, which is more compatible with the T-integral structure in § 2,4.4| , The relevance 
of such hypergeometric series in homological mirror symmetry was observed by Horja p6| . 
Hosono and Borisov-Horja p. The .^-function is defined by the relation^ (cf. (|T9|)): 

(55) I tw (x,z) = Z - Gr f tw ((2vri) de Soi3 tw (x,z) 

Here the operators T tw , Gr, deg in the respective theory are defined as follows: In the twisted 
FJRW theory, the twisted Gamma class rpj RW operating on the extended state space // ex t is 
defined to be 

d-l N 

r F JRw:=0n r ( 1 -^)-^)' Z = X / Z - 
k=0 i=l 

In the twisted GW theory, the twisted Gamma class operating on Hcr{W(w)) is defined 
to be 



■ptw 
1 GW 



nlini-(fm)+w iP ) 

r(i + e + dp) 



£ = A/ 'z. 



The non-equivariant limits A — > are well-defined and yield Tfjrw and Tfjrw under the 
projection to the original state spaces. The grading operator Gr on H ext or on Hcr(X\v) is 
given by 

Gr(Tj) = — - — Ti 
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See $5.3 



for a precise relationship between the i>function and the F-integral structure. 
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where "deg" denotes the degree defined in (|22j) for the FJRW theory and the age-shifted 
degree of orbifold cohomology classes of F(w) for the GW theory. The "bare" degree operator 
deg on H ex t or on Hcr{V(w)) is defined by (cf. Definition |2,17 ) 

deg ((/)/ c ) = — 2<f)k for twisted FJRW theory; 
deg [p n l f ) = 2n (p n l f ) for twisted GW theory. 

On the Landau-Ginzburg side, we have 

/tw , z) _ Z -Gr z v u k t±£l TT r((- g ,fe) - 



^ r ^ 1W«(-^)H r(l -*(* + *)) ' 

— Grf^tw / \dee„ »•< tw 



z -T* W JRW ((27ri) d ^^ JRW („^ 
where £ := X/z and 

(56) ^ ( ) V- fc (~l) fc ^2tTi) 

On the Calabi-Yau side, we have 

= z~ G T£W ((2^)^^^ ^ 
where £ := A/z and 

(57) aa*,,) = £ ^ 1( _ n> . 

4.3.4. Mellin-Barnes analytic continuation. The function fjQ^v, z) is convergent and an- 
alytic on the region SR(logu) < logu c , where u c := d~ d Y\^ =l wf l is the singularity of the 
Picard-Fuchs equation (|54|). Similarly fjj^j RW (u, z) is convergent and analytic on the region 
Si(logit) < — (\ogv c )/d. Let M° denote the (log u)-plane minus the singularities of the Picard- 
Fuchs equation: 

(58) M° = C logv \ {log v c + 2/vri | I G Z} . 

Under the identification log-u = — dlogu, we regard ^'J^ as a single- valued function in the 
left-half of M° and -^^j RW as a single- valued function on the right-half of M° . Let 7; C .M° 
be a path from the large radius limit (9(log-u) = 0, 3?(logw) <C 0) to the LG limit (3(logt>) = 
0,5R(logv) ^> 0) which passes through the "window" [logt> c + 2(1 — l)-7ri,log?; c + 21tt±]. See 
Figure ||. We consider analytic continuation along the path 7^. 
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GW 



S(log v) = 



o 2ln± 

o 2(1 - 




FJRW 



ll 



SR(logu) = logv c 

Figure 3. The analytic continuation path "fi on the (log "u)-plane. 

We rewrite by expressing the running index n as an element of $ + ^>o- For / 6 

we adopt the notation / = (1 — /}. We get 

«gw(M = *X, L nj v rn ~ ; ~ 7 ^ 7T u27ri 
/es feez > ll;=i T(l + w j ^ i +w j f + Wjk) 

During the analytic continuation, we regard p as a small complex number and think of the 
i>function as a scalar valued function. At the end of the calculation, we take the Taylor ex- 
pansion in p and replace p with the hyperplane class. In this way we get analytic continuation 
of a cohomology- valued function. We write the sum over Z>o as a sum of residues: 



fed fcez >0 



Res s= fc ds T(s)r(l — s) 



r(i + q + d(£- + f + s)) 
nLr(i + + / + -))' 



-(2Z-l>i S J^-r+f+ S )logV 



Here I G Z is the index of the path 7^ . Consider the contour integrals along the path of Figure 
U of each 1-form in the above expression. The integrals are absolutely convergent (and define 



-4 *-3 *-2 •-! 



• 1 



Figure 4. the contour of integration on the s-plane 



analytic functions of v) if |9(logw) — (21 — l)ir\ < ir (see e.g. [36, Lemma 3.3]). This condition 
is satisfied when logv is along (the middle part of) the path 7/. When \v\ < v c , we can close 
the contour to the right and obtain the above sum of residues. On the other hand, if \v\ > v c , 
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we can close the contour to the left and obtain the sum of residues at s = —m (m € Z>i' 
plus the sum of residues at 

l + Z + k p -\ 

+ tt^ + / for k G Z> . 



d 2vri 

The sum of these residues gives 



— z 



inf =1 r(i + ^(^ + /-m)) 



(:><)) - , T (-l) fc ^-1)^(^+7+^) r/| __, +/ 



: S 1/ Ssin(-(i±^ + ^ I+ 7) 7 r) d-k\ n^rU-^l + e + fc)) 



Here the overall minus sign appears because the contour closed to the left encloses each pole 
clockwise. We also used the co-ordinate change logu = — logv/d. 

We now regard p as the hyperplane class on F(w). The first term of (5S) vanishes in 
cohomology because the class 

TT ^ — = = o(^'i^ ez >) 

j-.wjfez v J2tti 1 jyj n 

is zero on the sector P(w)j. (Note that ¥(w) j is of dimension | € Z} — 1.) By shifting 
the index /c by 1 and using sin(x) = (e ix — e _ia: )/2i, we can rewrite the second term of ( p9[) 
as 



CO 



1 (c fc e-+ 2 -(7+S)) Z 27ri( _ 1)fc -i„* +fc 



^ J t^i d C k e p+2 ^ + V-i (k-i)\n» =1 r(i- qj (k + 0) 

This expression is regular at p = and can be regarded as an i/cR(lPOw))-valued function. 
This is the analytic continuation of along the path 7^ . Comparing this with ^fj RW (0) , 
we have the following proposition: 

Proposition 4.12. Define a linear transformation Uj ; i? ex t - > ^CR^O^O) depending on 
I € Z and i/ie parameter £ = X/z by 

(^ e p+2-i(7+i)V 

(60) U\ w (<Pk-i) = ~,Y If- _ g 7 TT (-qjO, k = l,...,d. 

Then we have 

u ^(^Gw)continued = U; W (^FJRw) ■ 

where (^ w ) continued i/ie analytic continuation of along the path ji . 



Remark 4.13. By Proposition 4.12 and (|55|), we can find the connection matrix of the twisted 
/-functions. We have n _ ^(/Q^ v ) continue( j = U[ w (ipj RW ) for the transformation 

U* w = Z - Gr o f^ w o (2vri) deg o o U[ w o (2^i)- dog ° o (P^rw)- 1 o z Gr . 

The non-equivariant limit of this induces a linear transformation between the Givental sym- 
plectic vector spaces of the FJRW theory and the GW theory. This is the symplectic trans- 
formation computed in [13] for a quintic. 
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4.4. The non-equivariant limit and Orlov equivalence. Here we show that the non- 
equivariant limit of Uj exists and descends to a linear transformation between the narrow and 
the ambient part state spaces. We show that it matches with the numerical Orlov equivalence. 



4.4.1. The narrow-to- ambient linear transformation. 
Proposition 4.14. The non-equivariant limit A 



ofU\ w 



limfUfCfo.!)) 

A— >0 



1 



k p+2wif 



/-kl 

-P Nh -\*J-r n 



W ; 



<3> d 11 2vri 

j:kqj& 



exists. We have 

for k € Nar; 
for k Nar. 



{w)(k/d) = Hi I k Qj e z>. 

in j> first and check if the expansion 



where k = 1, . . . , d and := 1 + dim] 

Proof. We take the Taylor expansion of the expression 
are regular at £ = when evaluated in Hcn(F(w)). 

If k € Nar, or equivalently (k/d) £ J, there exists no / S J such that £ fc e 27r1 ^ = 1. Therefore 
(|60|) is regular at (p, £) = (0,0) and the conclusion follows. 



If A; ^ Nar, ( p0|) is not regular at (p,£) = (0,0). The only non-regular term in (60) is the 
one with / = (k/d) (in this case ^ k e 27T1 f = 1). We compute the Taylor expansion in p of such 
term. By an elementary computation, we have 

-n-l 



1 



1 



n=0 



d 



+ o(c n )- 



When evaluated in the cohomology group H(F(w)f), this Taylor series is truncated at n = 
dimP(u>)/ = Nk — 1 (where we used / = (k/d)). Therefore the factor Ylj-k qj ez(~ QjO cancels 
all the negative powers of £ in (3 n . Hence V\ w ((frk-i) is regular at £ = and the conclusion 
follows. □ 

We have natural projections H e ^ t — * H nar (W, fi d ), Hcr(F(w)) — > Hg^^Xw) from the state 
spaces of the twisted theory to the narrow/ambient part of the state spaces. We denote this 
projection by pr. By Proposition 4.14 , hniA->oU tw descends to these projections. 

Corollary 4.15. Define a linear transformation U; : H najT (W, fi d ) — > H am b(Xw) by 



(61) 



1 



k-l, 



Ak e p+2TT±f 



d 7— ' C k eP +2ni -f - 1 



f 



Then we have the commutative diagram: 



pr 



Hn,r(W^ d ) 



lim A _> Uf 



pr 

#amb(^w) 



T/ie operator U/ gives a connection between the non-equivariant limit of S)-functions, i.e. 
S) GW = U/(i3 F JRw) for f)9 := pr(lim A ^o^)- 
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4.4.2. The analytic continuation matches Orlov equivalences. Via the Chern character, the 
linear transformations match the Orlov equivalences <]?/. To show this we use the explicit 
expression for Orlov's equivalence for Koszul matrix factorizations (Proposition 4.11| ) and the 
equation (|45|) for the Chern character. 



Lemma 4.16. We have 



d-l 



V 



d(-j/d) 



d ^ CH - l y d - l 

fc=0 s y y 

where d(—j/d) is simply —j reduced modulo d within {0, 1, . . . ,d — 1}. 

Proof. Note that (l/d) Ylt=o C qk equals 1 if q G dZ and otherwise. Thus we have 



d— 1 oo 



5 E^ = -3 E E(^' + v = - £ 

n>0:j'+nedZ 



fc=0 



fc=0n=0 



The lemma follows. 



□ 



Theorem 4.17. For a graded matrix factorization E £ MF^ r (W) suc/i i/iai ch(E) € 
-ffnarCW 7 , A»d), we have 

Ui (inv* ch(S)) = inv* ch ($ { (J5)) . 



Proof. Because Chern characters of the form ch({a, in Example 4.5 span the narrow part, 
it suffices to show that 

U,(inv* ch({a, b} q )) = inv* ch(*, ({a, 6},)) 
for q G Z and a, 6 in Example |4J^. Using (|6~l"l) and (|45|) , we get 



U,(inv* ch({a, b} q )) =Ui[Yl C*(l ~ C lk ) • • • (1 - 

VfceNar 



»fc-l 



d-l 



sEEc 



£fc e p+27ri/ _ J 



EvE »'(-')' E lc 



/es jl <-<j r 
where we set y := e p+2ni f . Using Lemma 4.16 



k=0 



(C k )y - 1 



we can write the coefficient of 1 1 as 



(62) 



y 



i-y a 



E (-irvw-* E 



Jl<-<> 

Let m be the remainder of q — I divided by d. The sum ( |62|) can be decomposed as 
/ \ 



y 



l 31<-<jr 



Jl<— <> 
Ea = l™ja>' f 



/ 
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This can be further rewritten as 

/ \ 

(l-y d ) ^ {-l) r+l y m -^a=i w ja + ^ (-l) r+l y m ~^'a=± w ia +d 



( 63 ) T^~~d 

i - y d 

The second summand equals 



i Jl<—<Jr 3l<—<3r i 



y d + l+m (l-y w i)...(l-y w N) 



This is divisible by pHjI^j/GZ}-! anc ^ vanishes j n H(¥(w)f PI Xvk) for the dimensional reason 
(note that dim(P(u))j fl -Xjy) = ${j\wjf € Z} — 2). Finally, the first summand of (pdj) equals 
the coefficient of 1/ of inv* ch(&i({a,b} q )) by Proposition [4.11 . □ 



5. Construction of global D-module 



This section is devoted to the proof of the main theorems in £ LI and § |2,5| . We construct a 
global Z)-module over the base M. = P(l, d) \ {2 points} as an explicit GKZ-type differential 
system and show that the D-module is isomorphic to the quantum D-module of GW theory 
near v = and to the quantum D-module of FJRW theory near v = oo. This is reminiscent 
of the mirror theorem in §[| and that of Coates-Corti-Lee-Tseng |l9| (and its refinement in 

©)• 

5.1. Multi-GKZ system. Let v i— > [l,v] denote the inhomogeneous co-ordinate on P(l,d) 
where v = oo is the /x rf -orbifold point (LG point). Using the co-ordinate v, we set 

M := P(l, d) \ {0, v c }, M° := P(l, d) \ {0, v c , oo} 

where v c := d~ d Ylf=i w f i * s the conifold point. Let u := i> _1//rf denote the uniformizing 
co-ordinate centered at the LG point. In this section we introduce a GKZ-type (Gelf'and- 



Kapranov-Zelevinskii [25]) hyper geometric /^-module over the base A4°. The D-module here 



involves the parameter z which appears in the quantum D-module (see § 2.4.2j ), and the 



equivariant parameter A which appears in the twisted theory (see §y). Therefore it is defined 
as a sheaf over M° x C z x C\. Let 1Z tw denote the sheaf of algebras over M. x C z x C\ given 
by the non-commutative ring of differential operators 

C (z, A, v ± ,(v - u c ) _1 ,zD„} 

where D v = v(d/dv). We also set 

B : = {(i/ , ... ,i/jv) e % N+1 1 Vi + qiU > 0, i = 1, . . . , N} , % = Wi/d. 

Definition 5.1. The sheaf J 7tw over M° x<C z xC\ is defined to be the 7£ tw -module generated 
by the symbols A u with v E B subject to the relations: 

(dzD v + A + (i/ + l).z) = A u+eo , 
(64) (wizD v - Viz) A u = Aj, +e ., i = l,...,N, 

v ' A j/ = Aj /+ (_^ Wl) ... >Wn )- 

i 

Here u E B and ej = (0, . . . , 0, 1, 0, . . . , 0), < i < N. This defines a GKZ-type hyper- 
geometric differential system. In fact, it is easy to see that each generator A u satisfies the 
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relation 
(65) 



d N Wi-1 

v Yl (dzD v + A + (z/ + k)z) - J] II ( w i zD v ~ in + k)z) 



k=l 



i=l fc=0 



A,. 



0. 



Remark 5.2. A multi-generated hyper geometric system similar to J 7 *™ above appeared in the 
recent work of Borisov-Horja || (also will appear in Coates-Corti-Iritani-Tseng fig] ). The 
7£ tw -module J rtw is generated by Ao at the generic point (Lemma 5.14 ), but not everywhere. 
A closely related multi-generation phenomena of quantum cohomology was observed by Guest- 
Sakai for a Fano hypersurface in F(w). It was shown in [41| that the quantum .D-module 
of a toric Calabi-Yau hypersurface can be described by a multi-GKZ system. 

Remark 5.3. Givental's mirror [^] (adapted to a Calabi-Yau hypersurface Xw in the weighted 
projective space F(w)) gives a solution to the above differential system. Let xo,...,xjv be 
mirror C x -variables subject to the relation 



• • • X 



w N 
N 



V. 



The mirror potential is defined by 

W A = Xl + 

Then the integrals 



TJv) 



x Q x 1 



+ x N - x + Alogx . 



dxo A d logxi A • • • A d logXA? 



N " dlogv 

satisfy the same differential relations as A^'s do. The integration cycle is contained in the 
torus {(xo, . . . ,Xjv) £ (C X ) JV+1 | Xq d xi ■ ■ ■ x^ = v} and possibly noncompact, but here we do 
not try to justify the integral itself. The differential relations among T v {v) follow from a 
formal computation of integration by parts. 



Lemma 5.4. Set v(l) := (I, — [q\l\ , . 
I = 0, . . . , d — 1 as an 1Z tw -module. 



L<Zjv^J) £ B. The sheaf J rtw is generated by A 



1/(0 , 



Proof. For v = (i/q, . . . , vn) G B, set I = d (vo/d). Observe that 

A? 



i=l 



^0 

d J 



(-d,wi,. . . ,w N ), Vi + lqiU Q \ > 0. 



□ 



The conclusion follows from this and the defining relations ( p4[ ) of J-" tw . 

The sheaf J rtw is a 2Z>o-graded 7£ tw -module with respect to the grading 

degv = 0, degz = degA = deg(zD v ) = 2, deg A„ = 2(f H h vn). 

(Strictly speaking, the module of global sections of J rtw is graded, but we abuse the language 
since we are working over the affine base.) 

Lemma 5.5. Set 5(1) := ^degA^m. 



We have 



(i) 6(1 + 1) < 8(1) + 1, 6(1 + d) = 5(1). 

(ii) < 5(1) <N-1. We have 5(1) = N - 1 if and only if I = -1 mod d. 



Proof. We have <5(Z) = I — L%^J • Part (i) follows from this formula. Part (ii) follows 

N — 1. The equality holds iff / = — 1 mod d/^i for 

□ 



from 5(l) = Zli («i><E£i(l-«) 
all i, i.e. Z = — 1 mod <i. 
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Lemma 5.6. The following relations hold in J rtw : 

(i) For < Z < d — 1, m = min{Z < I' < d — 1 1 5(1') = 5(1) + 1} exists and we have 

zD v ■ A K0 G d l ' m ^TT^H-L<^ A Km) + (z, A)J- tw . 

(ii) zfl„. A^i) G (z,A)7^ w . 

Proof. The existence of m follows from Lemma |5.5[ We have by ( |64| ) 

iv 

(d-zA, + A + (I + A u{1) = ]\ [J (™^A- + fez) A„ (J+1 ) . 

i=l L9iiJ<*<L9i('+l)J 

Hence 

*A, • A 1/ (|) G d' 1 ^IJ«'i* P+1)J " L * ,J l (^) 5{ °- 5{ ' +1)+1 A, a+1) + (*, A)J- tw . 

If <5(Z + 1) < <5(Z), we can apply this formula recursively for zD v ■ A^+i) in the right-hand 
side. In general, if 5(1') < <5(Z) for all Z' with I < I' < m', we have 

zA, • A„ w G d-^'~ l ) (j[ w ^ m '^ 1 ^ (zD v )W~ s ^A Hmf) + (z, X)T^. 

Taking w! to be m, we have (i). When I = d — 1, we can take m' to be Z + d = 2d — 1. Then 
we have 

zA • Aj,^.!) - t> c ^A • A I/ ( 2 rf_i) G (z,X)T tw . 
Part (ii) follows because A^d-i) = u A^-i) and (1 — i> c A>) is invertible. □ 

Theorem 5.7. T/ie sheaf J rtw is a free Om° xC z xC A " mo ^ e of rank d with the basis A u ^, 
Z = 0,...,d-1. 

Proof. Let J 7 *™' be the CVf°xC z xC A -submodule of J 7 *™ generated by A„m, Z = 0, ... ,d — 1. 
First we see that J 7 *™' = J 7 *™. We proceed by induction on the degree. The degree zero 
part (J 7tw )o is generated by Ao = A„( ). Hence (J 7tw )o C J 71 ™'. Assume by induction that 
(J rtw )<2k C J 71 ™' for some k > 0. We shall show (J rtw )< 2 (fc+i) C J 7 *™'. By Lemma it 
suffices to show that zD v ■ G J 7tw/ for < Z < d — 1 with 5(1) = k. This follows from 

Lemma 5.6 and the induction hypothesis. Therefore J 7 *™ = J rtw/ '. 

As we will see in Proposition |5.10| below, J 7 * 7 " has d independent solutions. This shows that 
the generic rank (the rank at the generic point) of J- tw equals d. By the previous paragraph, 
J^™ is generated by A^m, 1 = 0,..., d— 1. Suppose we have a relation '^hZq fi(v, A, z)A u n) = 
with fi G 0A/( o xCaxC3- Then // should vanish at the generic point. Therefore f\ = 0. The 
conclusion follows. □ 

5.2. Refined mirror theorem. We construct a basis of hypergeometric solutions of the 
GKZ system J rtw . Then we relate it to the fundamental solution L tw of the e^x -twisted 
quantum connection (see §3.5). This shows the analytic continuation of twisted quantum 
connections. (In this section "twisted" always means "ecx -twisted".) 

First we will "thicken" J 7tw by adding the unit direction t°. Let M° — > M° be the minimal 
abelian cover of M. such that \ogv is single- valued (see (|58|)). We set 

M = C t o x M°. 
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Define another co-ordinate s° : Ai x Ca — > C by 

s ° = t °- -Xlogv. 
a 

We shall use (t°, v; A) and (s°, u; A) as two co-ordinate systems on M. x Ca; (t°, v; A) is a chart 
for the GW theory and (s°,u; A) is for the FJRW theory. Let TZ tw be the following sheaf of 
algebras over M x C z x C\: 

j^tw = C>— xC ^ xC ^ /zD v ,z-^ 
Here we use the analytic structure sheaf. Note that we have 
( 66 ) D u = -dD v -X^, ^o=Jo 

under the co-ordinate change (t°,v) i-4 (s°,u). Let pr: M x C z x Ca — >■ -M° x C 2 x Ca — > 
M° xC z xC\ denote the natural projection. The pull back J 7 *™ := pr* J 7 *™ has the structure 
of an "^"-module by 

By a solution of the 7£ tw -module J rtw , we mean an 7-i tw -module homomorphism ip: J^lv — > 
Oy for an open subset V C M. x C 2 x Ca- We construct a vector- valued solution with values 
in i/ such that all of its components form a basis of solutions. 

Definition 5.8. The generalized twisted I -functions I tw < 1/ 1 y g B are defined as follows: 

(i) In the FJRW side: 

J FJRw( S >>*) =* e 7 2^ ff ^ 

fc =i , 0+ l llo<f><fc-Ko,6eZ^ WZ J 

where we use the convention of reducing the index k — 1 of modulo d. This is an H ext - 
valued power series convergent on the region {\u\ < v c 1 ^ d } x C* x Ca in M. x C z x <C\. Note 
that, if k > uo + 1, then kqj + Vj > qj + (q'jt'o + Vj) > qj. 

(ii) In the GW side (cf. jglj Definition 4.5]): 



tssif.v, ,) = Y. II II n ' - a ' tH '""' ( fat+L 1 '- 

n€Q:(n>€5 6=1 i=l 1 li <».»-^( i H».»> [WlP + j 



This is an HcR(P(w))-vahied power series convergent on the region {\v\ < v c } x C* x Ca in 
M x C z x Ca- Note that the term 

vanishes if u^n — i/j < for all i such that Win € Z. Thus one can assume that there exists i 
such that w^ £ Z and Win — Vi > 0. In this case we have (^(dn + i'o) > qi{dn + vq) + Vi — Win = 
qiVQ + f j > 0. Hence one can assume dn + vq > in the summation. 

Remark 5.9. For v = 0, /p™p W (0, u, z) and (0, i>,z) coincide with the original twisted I- 
functions in § [4.3.1 . Also note that the generalized /-function I tw > u is homogeneous of degree 
2+deg A u = 2(l+i/ + " ' •+ i/ jv) with respect to the degree deg s° = deg£° = deg z = deg A = 2, 
deg u = deg v = and the grading on H. 
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Proposition 5.10. For each tp G Hom(iT, C), the map 

defines a solution to the 7Z tw -module J^ w , i.e. a homomorphism of lZ tw -modules. Moreover, 
for a C-basis ipi , . . . , ipd of Hom(i/, C), the corresponding solutions I^ 1 , . . . , I Vd are linearly 
independent. (In fact, they form a basis of solutions by Theorem \5. % ) 

Proof. For the former statement, it suffices to check that I tw ' u = ^fjkw or ^n\v satisfies the 
following differential equations (cf. (|64|); note also the co-ordinate change (p6|) ): 

(-zD u + (u + l)z) I tw '» = / tw ^+ e o ; 



(67) 



(-q lZ D u - qi X - Vi z) 1^ = i = 1, . . . , N, 

r) 

jtw,v jtw,v+{— d,wi,...,wpf) _ jtw,v rtw,u 



They follow from a straightforward computation. Let be as in Lemma 5.4. For the FJRW 
/-functions, we have 

(68) «- 1 J^~e' /V +1 (^ + O(«)) 1 Z = 0,...,d-1. 

Since the leading terms span i/ ext , it follows that the solutions /pj RW , • • • , -^fjrw are linearly 
independent. For the GW /-functions, we have if (l/d) G J, 



— 1 T tw,v(l) 
z J GW ~ e 



Thus 



(69) + LzYz- 1 !^® ~ e (*°+pi°g-)/^-Vrf + („i/rf)) 



These leading terms span i/cR(P(^))- Hence Iqw, ■ ■ ■ , /q^v are linearly independent. □ 
The twisted /-function J tw >° in each theory has the z _1 -asymptotics of the form (cf. J38|)): 
(70) / tw '° = zF -To + G + Oiz- 1 ) 

where F and G are functions on an appropriate region in M x C^; F takes values in C and 

<2 2 

G takes values in the degree < 2 part H~ = H © H . We define the mirror map ? to be the 

<2 

H~ -valued function: 

pD <-£ 

The FJRW mirror map ? FJRW is defined over {|u| < t; c 1 ^ d } x Ca and the GW mirror map ? GW 
is defined over {\v\ < v c } x C\. The following mirror theorem gives a refinement of Theorem 
3.10j and [17,|l{|. A similar refinement was given in [41, Theorem 4.6] for the GW theory of 
complete intersections in toric orbifolds. 

Theorem 5.11. In the both FJRW and GW theories, there exist H-valued complex analytic 
functions T tw ' u , v G B on an open subset of M x C z x Ca such that 

(72) Z tw (?(•), z)/ tw '^(-, z) = zT tw ' u (-, z). 

Here ? denotes the mirror map (|7l| ) in each theory. In particular L tw (?(•), x) is also analytic. 
The section X tw,1/ is defined over {\u\ < e} x C z x Ca in the case of FJRW theory and is 
defined over {\v\ < e} x C z x Ca in the case of GW theory for a sufficiently small e. For 
v = 0, we have T tw, ° = F ■ Tq where F is the function appearing in (|70|) . 
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Proof. First we discuss the case of FJRW theory. By Theorem 3.10 , we have 

(73) F{u)J tw (<;{s ,u),z) = I tw >°(s° ,u, z) for s° = 

where the subscripts "FJRW" are omitted. We have ?(s°, it) = s°T +?(0, u) and / tw '°(s°, z) 
e s / z J tw '°(0, z). By the string equation for the twisted invariants (see § |3.2.2| ), we have 

J tw (s°T + ? (0, u),z) = e s °/V tw ( ? (0, u),z). 



Hence (f73|) holds for arbitrary s°. Therefore, by Proposition 3.15 , we have 
(74) L tw (^°,n),z)/ tw '°( S °, U ,z) = zF(s°,u)T . 

This shows that one can take T tw '°(s°, u, z) = F(s°,u)T . The other T tw ' u, s are obtained 



from this by differentiation. Notice that the generalized /-functions satisfy ( |67| ) and we have 
by Proposition |3.12| 

(,* V%J o L tw ( ? ( S °, u), z) = L tw (,( S ,u),z) o zD u , 
where ?*V^ = zD u + (D u q(s° ,u))» tw . For example, one obtains zT tw,ei as 

L tw ( ? ( s °, u),z)I tw ^(s°, u, z) = L tw ( ? (t°, it), z){-q iZ D u - Qi \) • / tw '°(s°, u, z) 

= (-q i <;*V% u -q i \) {zF(s°,u)T ). 
To obtain T tw,u for a general u, we use the following differential operator: 



Pu(zD u ) 



uo+kd 

Vl 1 -zD u + bz) 



6=1 



N 

n 



IlfcL-^ 1 (-qjzD u - qjX-bz) 
i Il6=Loo( - ft zI, « - ?*A - bz) 



where k is an integer such that vq + kd > 0. When — fciOj < for some i, we expand the 
factor (—qizD u — qiX — bz)~ l in the A -1 -series 

oo 

j2(-qi*r n - l (bz+qizD u r. 

n=0 

Then we have P u (zD u )P w >° = F w ' v . By applying P u (^V zDu ) to @, one obtains © with 
T tw '^(s°,n) = P U (<;*V zd u )F(s° , u)Tq. Note that this expression makes sense as an element of 
H®C[z]((X- x ))ls°,u]. This is because ?*V zDu = zD u + (D u <;)» tw = zD u + O(u) (note that 
<r(s°,u) = s°0 o -ii^i + 0(ii 2 )). A posteriori, we know that T tw ' u belongs to H® C[z, A][s°, it] 
by (|T^) since L tw , I tw and <j are regular at A = 0. 

Next we show the analyticity of T tw ' u . This is equivalent to the analyticity of L tw . By ([72]) 
we have 



(75) 



jtw,v(d—l) 



L 



tw 



^tw,u(d—l) 



where v{l) is as in Lemma |5.4j . Using the basis 4>q, - ■ ■ ,4>d-l of -ff, one can view this as 
an equality of (d, d) matrices. The left hand side is invertible near it = because of the 
asymptotics (|68|) . Thus one can regard it as an element 7(2) of the loop group LGLd = 
C°°{S l ,GLd) with loop parameter z. Then the equation (|75| ) gives a Birkhoff factorization 
H of 7 (z) because L tw = id+O^ -1 ) and T tw ^ is regular at z = (see @,|30|). The 
asymptotics ( |68|) shows that 7(2;) is in the "big cell" of the loop group for sufficiently small 
\u\ so that the Birkhoff factorization is possible. This shows that L tw (?(s° , it), z) is analytic 
over {\u\ <C 1} x C* x C A . 
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For the GW theory, the theorem follows from the proof of [41, Theorem 4.6]. When 
(l/d) € J, the function coincides with zv~^^l^ \q=i there and we can take T tw '^0 = 

v l ^ d T^/ d ~ ) \Q = i in the notation of loc. cit. We can get the other I^f 

by applying differential operators in 7£ tw , so the other T tw ' u as well. □ 
Let C/fjrw = {M < e}) t^GW = {M < e} be sufficiently small open subsets of A4 as in 



Theorem 5.11 . The following corollary gives a twisted version of Theorem 2.21 



Corollary 5.12. Via the lZ tw -module J rtw over hA, the e^x -twisted quantum connections 
V tw of the F J RW theory and of the GW theory are analytically continued to each other. More 
precisely, we have a local trivialization of J rtw over U<y 

Mir ^ : -^Uxc.xc, = ^®°^xc,xcv ^ = ™W or GW 

such that, under the trivialization, the action of 1Z tw is given by the e^x - twisted quantum 
connection 

zD i — ► StyV*^ , D is a vector field on Uy, 
where q<y : t/9 xCi-> -ffi§ 2 is the mirror map ( fZlj ) in i/ie respective theory. 



Proof. We omit the subscript "FJRW" or "GW" throughout the proof. By Proposition 5.10 
the generalized twisted /-functions define an i?-valued solution: 



(76) ^tac*xC A ^*°ffxCjxCV A„ ar 1 ^-" 



which is an isomorphism (see the asymptotics (p8|), (|69|) ) . On the other hand, the twisted 
quantum connection ^-*V tw also has an H- valued solution (Proposition 3,12j ) 



L tw (,(•), z)-* : (H ® O dxCi xCa , V tw ) -+ H ® 0^ x<v 
which sends T tw,I/ to - z~ 1 / tw,1/ by Theorem 5.11. This is also an isomorphism. Therefore we 



have an isomorphism Mir: F tw \u xC x xCx = H <8 £>[j xC x xCx such that Mir(A„) = T tw,!y . It 
extends across z = as T tw,iy is regular at z = 0. Now it suffices to show that T tw,u , v € B 
generate H along z = 0. In the case of the FJRW theory, this follows from the fact that the 
factor [T tw >^°), . . . , Y tw '"( d ~ 1 )] in the Birkhoff factorization (|7§) is invertible at z = 0. (The 
existence of a Birkhoff factorization was based on the asymptotics (|68|).) The discussion is 
similar for the GW theory. □ 



Remark 5.13. Mann-Mignon [47, Theorem 1.2] described explicitly the twisted quantum D- 



module (with A = 0) for a smooth nef complete intersection in a toric manifold. 
5.3. Analytic continuation U tw revisited. 

Lemma 5.14. The submodule lZ tw Ao of J rtw coincides with J 7tw at the generic point on 
M° x C z x C A . 

Proof. In view of the isomorphism (fTf]), it suffices to show that nl=i( z ^M ~~ ^ z ) z_1 ^fjrW' 
I = 0, . . . ,d — 1 form a basis of H = H ext for generic (z, A) and sufficiently small \u\. This is 
straightforward. □ 
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We calculated in Proposition 4.12 a linear transformation U[ w (|60| 



from analytic continuation of the "^-functions", where = {|£| < e} denotes a sufficiently 
small disc in the £ := (A/#)-plane. We give an interpretation of as analytic continuation of 
flat sections of the global -D-module J rtw . Using the trivialization Mire? in Corollary |5.12 , we 
define a flat section fy(a) of over L^p x {(z, A) G C x x C | |£| = |A/z| < e} parametrized 
by a € #9 <g> C(A ? ): 

(77) fcj(a)(x, *) := L^fc>(x), Gr f ^ ((27ri) 5 f a a) , aEff^ 0(A ? ) 

where L^, are the fundamental solution and the twisted Gamma class (§ [4.3.3| ) in each 
theory. We extend the i>functions by adding the variables s° or t° as follows: 



so that we have I tw = z - G T tw ((27ri) ^ £ tw 1 (cf. (^5|)). By this relation and Theorem |5. 11 
we have 

(78) zA = zT tw '°(x,z) = f tw (Sj tw (x,z))(x,z). 

under Mir 

Namely the -function represents the section zA° in the flat frame f tw . 

Recall the path 7/ in ftA° (§ 4.3.4 , Figure ||) defined for each integer I. It can be lifted to a 
path 7 in M. starting from the GW base point log v <C 0, t° = and ending at the FJRW base 
point log-u <C 0, s° = 0. The homotopy type of the lift 7/ is unambiguous. For convenience, 
we take the following lift jf. 

(log v < 0, t° = 0) al ° ng7 S (log u < 0, t° = 0) = (log u <C 0, s° = A log u) 

shift of S° / n „ „ n n\ 

> (log n < 0, s u = 0). 

Because the shift of s° has an effect of the multiplication by the factor u^l z = v£ on the 
^-function .QfjrWi we have from Proposition 4.12| that 

(79) (-5 Gw) continued = U* W (i} F ™ RW ) 

where the left-hand side now denotes the analytic continuation of i]'^ along 7/ . 

Proposition 5.15. Along the path 7 7 , the FJRW flat section f^ 3Ym {(x)> a £ -ffext *s analyti- 
cally continued to the G W flat section f^L (Uj^a) . ifere i/ie values of z and A are ,/jxed during 
the analytic continuation such that |£| = |A/z| is sufficiently small. 

Proof. Note that T is invertible for sufficiently small |£|. Therefore {f tw (Ji)}^~Q forms a basis 
of flat sections for sufficiently small £ = X/z. Hence for a fixed such (z,X), there exists an 
invertible linear transformation V/: H ext — > Hq^{¥{w)) such that fp™ RW (?i) is analytically 
continued to f|^(W?i) along 7" \ Because f w (£ tw ) = Z A © and zA is a global section 
of J rtw , we have 

(^Gw) continued 



Because zAq is a generator of J 7 *™ at the generic point (Lemma 5.14), this relation uniquely 
determines V; for a generic (z, A). By ([79]), we know that V/ = U[ w . □ 
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5.4. The non-equivariant limit and its reduction. Here we prove Theorem [0], Theorem 
|1.2| (i) and Theorem 2.21 , By taking the non-equivariant limit A = in Corollary 5.12 , we 
obtain analytic continuation between e-twisted quantum connections. (Recall that e stands 
for the non-equivariant Euler class.) We shall show that it reduces to analytic continuation 
between ambient and narrow part quantum D-modules. This reduction was described more 
explicitly in terms of the Picard-Fuchs ideal in a recent paper of Mann-Mignon [47, Theorem 
1.2] for the quantum cohomology of a smooth nef complete intersection in a toric manifold. 

(Step 0) Note that M° x C 2 is contained in M x C z x C A as the locus {A = t° = 0} = {A = 
s° = 0}. We consider the restriction 



Q :-- 



\=t°=0 



of J 7 to x C 2 . This is also identified with the pull-back of 



|A=0 



by M° xC z M° x C z . Let Uy denote an open subset of M° of the form C/qw = {\ v \ < e } 
or ?7fjrw = {\u\ < e} where e is the same as in Corollary 5.12 . Over Uy x C z , Q is identified 
with the e-twisted quantum connection V tw on H x (U<y x C z ) — > Uy x C z by Corollary 
5.12. By Proposition 3.11, under the natural projection pr: H -» H', the e-twisted quantum 



connection projects to the quantum connection of the respective theory: 



(80) 



pr 



tw 



where : U<y — >■ H denotes the mirror map (|7l]) restricted to A = t° = 0. Here the 
meromorphic flat connection V on Q (or Q) is given by the action of zD v G TZ tw \\=Q, i.e. we 
define := z _1 (the action of zD v ) on Q (or Q). 

(Step 1) Let Uy C M° be the image of U<y under the projection M° — > M° . We show that 
the diagram (j80|) descends to the quotient -» Uy. First notice that the Galois symmetry 
in Propositions 2.12, 2.14 extends to the twisted theory. The map G. H' — > H' there is 
extended to H as 



G(4> k ) = e - 2wik/d (f) k for FJRW theory; 

G(l f ) = e 27Tif If- 2nip for GW theory. 



Then the conclusions of Propositions 2.12] , 2.14] hold for this G (except that we do not have 
the connection in the z-direction in the twisted theory). The proof is similar. This shows that 



the fundamental solution L tw in the twisted theory (see Proposition 3.12) has the following 
symmetry: 



V FJRW 

AGoL^{G-\t),z) = L 



e -2iri/d G D L £v TOW ( G -i( t)) z) = L^ RW (t, z)oe 



—2iri/d,Q 
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On the other hand, the deck transformation of Uy -» Uy acts on p™> u as 

e -2.i/d G ^ w(s )logu + (2wi/d),z)) = 4^ w ( S °,logn,z) 
e ~2^ P /z 6G (l^( t °, log v + 2vri, zj) = Jg^ (t°, log u, z) 
Hence the mirror maps (with t° = A = 0) satisfy 

(81) G(? FJRW (logu + (2vri/d))) = ? FJRW (log it) , G (? GW (logu + 2vri)) = ? GW (logu). 

This shows that the deck transformation of U<y is conjugate to the Galois action on H 2 via 
the mirror maps. By the relation (72) and the above calculations, we find that (again over 
the locus A = t° = 0) 

e~ 2ni/d G (T^ w (log u + (27ri)M z)) = T^ w (log u, z) 

dG (T^(log « + 27ri, z)) = T^(log «, z) 

This shows that the induced Galois symmetry on the flat bundle (H x xC , ?^V tw ) is com- 
patible with the deck transformation on G\fj xC because the deck-transformation-invariant 

section A u € Q corresponds to T tw '^. Moreover the projection pr: H — >■ iT' is compatible 
with the Galois action, so the diagram (|30|) descends to 



(82) pr 

(F^O^ xCz ,(pro^)*V)/(G). 

Notice that the flat bundle in the second line is the pull-back of the quantum .D-module 
(F, V)/(£r) in Definition 2^ by the mirror map 

r 9 := [pro^]: U^^H' 2 /(G). 

Here we do not consider the flat connection V z in the z-direction and the pairing P, but we 
can introduce V z for Q and make the diagram compatible with V z as follows. Recall that (the 



module of global sections of) J rtw is 2Z-graded by degit = degv = 0, degA^ = 2]T^ fj, 
degz = degA = 2. Thus Q = F tw \\=o is also graded. The grading defines the meromorphic 
flat connection V z on Q (with simple poles along z = 0) as 

. 1 deg A„ A 
z 2 

Because all the morphisms in the diagram (^2|) preserve the grading and the Euler vec- 
tor field vanishes on the image of the mirror map pro^, the projection pr: Q\u^xC z 
(t<^)*(F, V)/(G) induced from the diagram (p2| ) preserves the connection V 2 as well. 

(Step 2) The diagram ( p2] ) defines for each (x,z) £ Uy x C z a projection Gt x ,z) 
i.e. an element of the Grassmannian Gr{Qi x , z ))- The kernel of the projection is flat for V 
(including the z-direction). We show that this section of the Grassmannian bundle Gr(Q) 
extends globally over M° x C z . 

Recall the flat section $y(a) of the twisted theory in (77). When restricted to the locus 
A = t = 0, this defines a flat section of Q. On the other hand, we can define a flat section of 
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the quantum Z)-module (Hy ® xC , (pro^)*V) by an analogous formula: 



(83) 



fe(a) = L 9 (pro^(x),z)z- G T 9 ((2^1)^0) , aG^, 



dcg 



where Ly(t,z) and are the fundamental solution and the Gamma class in the respective 
theory (as appear in Definition 2.17). By Proposition 3.14 and the definitions of f tw and f, we 
have 



(84) 

for a £ H. 



pr(f w (a)| A=t o =0 )=f(pr(a)) 



Lemma 5.16. The section of Gr(Q) over (C/qw U ^fjrw) x given by the diagram ( |S2| ) 
extends to ((U GW U C/fjrw) X C z ) U (A4° xC z x ). 

Proof. By the flat connection V on Q, the section of Gr(Q) over C/qw x can be extended 
along any path in A4° x C*. We see that the given section of Gr(Q)[ 



U awxC 



is analytically 

continued to the given section of Gr(Q)\ Up c * along the path 7; in § |4.3.4 , By considering 
the A = limit in Proposition 5.15| , we know that f 
f£w(^ w (£ = 0)«)U=to=o along 7^. By f 
fF.TRw(P r («)) and fGw(P r ( U « W (£ = °)«))- Diagrammatically: 



ftw 



, jV . vy a)\\ =t o =0 is analytically continued to 
the projections of these flat sections by pr are 



(85) 



pr 



fpjRw(P r («)) 



analytic continuation 



along 7, 



> fG w w (uf w (e 



0)a) 



A=t°=0 



pr 



f G w( U Z P r («)) 



Here we used the fact (Corollary |4.15j ) that there exists a unique operator : 



FJRW 



TTl 

11 GW 



such that pr oU^ (£ = 0) = U^opr. The existence of such an operator shows that the sections pr 
of Gr(Q)\jj xC x and GV(£?)l[/ FJRwX c x coincide under analytic continuation along 72 . Because 
this holds for all the paths 7; with / € Z, the conclusion follows. □ 

Lemma 5.17. The section of Gr{Q) in the previous lemma extends to Ai° x C z . 

Proof. The section of Gr(Q) here is flat for V on Q. Therefore, the corresponding element of 
Gr(Q( x ,z)) a t { x i z ) € A4° x C* can be represented by a matrix independent of z when we write 
it in terms of the homogeneous basis z~ deg A "(o/ 2 A„m, 1 = 0,..., d—1 of G( XlZ )- Therefore, via 
the basis A^^, v = 0, . . . , d— 1, the section {x} x C* — > G r (G\{ x }xc x ) can ^ e represented by 
an algebraic map C* —> Gr(C d ), which extends across z = by the completeness of Gr(C d ). 
This proves the lemma. □ 



(Step 3) The previous step shows that there exists a projection Q -» T to a locally free sheaf 
J 7 over Ai° x C 2 . The sheaf J- is equipped with a meromorphic flat connection with simple 
poles along z = 0. 

V:7^7(M°x{0})®^ xC2 . 

Also J 7 is isomorphic to the pulled-back quantum .D-module (H'y ®Oy xC , (pro<^?)*V)/(G) 
over the open subset t/c? x C 2 . In particular, J 7 extends across the orbifold point u = as an 
orbi-sheaf with flat connection (i.e. /^-equivariant flat bundle on a d-fold cover). We denote 
this extension over M. x C z by the same symbol J- . 
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We claim that there is a global Z-local subsystem F% of (-^l^xc* > ^) such that it coincides 
with the r-integral structure over U<y x C* . By (|85|) , the flat section f FJRW (a) , a G H n&r (W, fi d ) 
is analytically continued to f GW (U;a) along the path jf 1 . Note that f(a) (|83|) is related to 
the flat section 5(f) (|l9|) defining the r-integral structure by 

S (£) = -^f(inv*ch(£))(x,z) 

where £ is an object of D b {X w ) or MFf£ d (W) such that ch(£) G Therefore by Theorem 
4.17] we know that 



(86) 5 fjrw(£) i s analytically continued to s GW (<]?;(£ )) along 7, 1 

for £ G MFf^PF) with ch(£) G H nax (W, fj, d ). This shows the existence of a global Z-local 
system and that the analytic continuation along 7," corresponds to the Orlov equivalence 
Finally we show that J- admits a global V-flat pairing 

P: (-)*T®F^z 6 M xC z , c = N-2, 

which coincides with the pairings PgWj ( — l) Ar_1 -f > FJRW of the quantum D-modules. In order 
to see that the global pairing exists over A4 x C x , in view of (|86|), it suffices to check that 

(87) (-l)^- 1 P FJRW ((-)* SpjRW (£ 1 ),V, R w(^)) = P G w((-)*s GW (^fi),5 GW ($^ 2 )) 

for £1,62 G MF^ d (W, n d ) such that ch(£j) G -ff nar (W, Recall that the pairing between 
the flat sections s{£ ) coincides with the Euler form up to sign (Proposition |2.19[). Because 
the categorical equivalence preserves the Euler pairing x{^i-F) = x(^i£, (|8 7^) follows. 

The global pairing P over A4 x C* extends across z = (with zeros of order c) by Hartog's 
principle because it already extends over U<y x C z . The non-degeneracy of P/(2iriz) c along 
z = holds for the same reason. 

Now the proof of Theorem |Ll], Theorem \1.2\ (i) and Theorem 2.21 is complete. 



Remark 5.18. We described the global D-module J 7 as a quotient of Q = J rtw \\=Q. I n Ft 
Theorem 6.13], with the aid of mirror symmetry, it was described as a submodule of another 
multi-GKZ system. We can translate this result in our setting as follows. Define the shift 
map S : M° x C z x Ca -> M° xC 2 xCa by S(x, z, A) = (x, z, A - 2) . Then the map 

a : F tw -> 5*J- tw , A„ .— > 5* A v+eo 

is a morphism of 7£ tw -modules by the relations (|64|). This is an isomorphism at the generic 



point because both ft tw A and TZ tw A eo equal J^ w at the generic point (see Lemma |5.14| ; the 
proof there applies also to 7Z tw A eo ). However, a is not an isomorphism over A = and we 
have T = Im(cr|A=o: ^ w |a=o ->> (5*7^) U=o)- See also @. 



5.5. Reconstruction of the big quantum D-module. Here we prove Theorem 2.23 
When X\y is a manifold, the orbifold cohomology consists only of untwisted sectors. In par- 
ticular H am \>(Xw) is spanned l,pl, - ■ ■ ^p dimX w\^ This allows us to use the reconstruction 



theorem ]34|,|39|, 44, 56, 57j to obtain the big quantum cohomology from the small one. 

More specifically, we apply the reconstruction theorem of a (TE) structure by Hertling- 
Manin p4| , Theorem 2.5] to the global D-module (J 7 , V) over A4 (which is itself a (TE) struc- 
ture). For this, one has to check the injectivity condition (IC) and the generation condition 
(GC) for (J 7 , V). More concretely, (IC) means 



zD„A 



S - 
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and (GC) means 

{(zD v ) n Ao | n > 0} generates J r | 2= o over Om- 
We claim that {zD v ) n A$, n = 0, . . . , rank T — 1 is a basis of T\ z =§ over the open subsets 
^fjrw and C/gw- (Here C7fjrw does not contain u = 0.) We work over the cyclic cover 
U<y C M° of U<y. First observe that we have -D-module isomorphisms (cf. (ffq)): 

(^V)|^ xC? ^ (iJ^O^ xC x,( P ro^rv) L ^^>^- 1 > (J3^8>0^ xC x,d) 

A, — ► T" := pr(T^) aT 1 ^ := z" 1 pr(I^\ x=t o =0 ). 

Here the first map is induced from the mirror isomorphism in Corollary |5.12| (see also ( |80| ) ) 
and the second map is given by the inverse of the fundamental solution L(t, z) in each theory. 



The relation L(pr o^(x), z)~ 1 Y u (x, z) = z^ 1 I u (x,z) follows from (|7^) and Proposition 3.14 
Similarly to (]75|), the two maps Mir^, L _1 can be viewed as the Birkhoff factors of the 
composition since Mire? extends regularly to z = and L _1 extends regularly to z = oo. We 
want to check that (zD v ) 1 Aq, i = 0, . . . , rank J 7 — 1 form a basis. Under the above map, these 
sections map to 

(zDyfz- 1 ^ = e plosv / z (ph + 0(v 



over C/qw- Prom these asymptotics, we know that the matrix with the column vectors 
(zZ? 1 ,) j z~ 1 /q W , i = 0, . . . , rank T — 1 is Birkhoff factorizable (i.e. in the "big cell") for suf- 
ficiently small \v\\ this means that (zD v ) 1 Aq, i = 0, . . . , rank T — 1 is a basis of T\ z= q over 

Ugw- _ 

Over f/FjRW) the calculation is a little more involved. Instead of (zD v ) x , i = 0, . . . , rank J 7 — 
1, we consider the differential operator Pi, i = 0, . . . , rank J 7 — 1 defined inductively by 

P = U-\ Pi'-U-^izd^Pi-! 

where ordj S N is determined by (z5 u )Pi_iipj RW = 0(u ordi ). It suffices to show that Pi Aq, 
i = 0, . . . , rank T — 1 is a basis of T\ z= q since {PjAo} and {{zD v ) % Aq} are related by an 
invertible matrix along z = 0. We have 

Pi z 1 -^FJRW = °i + 0(u) 

where k{ is the (i + l)-th smallest element of the set Nar C {1, ...,d — 1}, Cj 7^ and 
/i := deg(0fc._i)/2. It is not difficult to show that h = i when Xw is a manifold. Therefore 
the matrix having the column vectors PiZ _1 /pj RW , i = 0, . . . , rank J 7 — 1 is Birkhoff factorizable 
for small \u\. The claim now follows also over l^fjrw- 

Because (IC) and (GC) are open conditions, they hold in a Zariski open subset M! of 
M. containing Uqw and J/fjrw- At each point x € .M', we have a universal unfolding 
||, Definition 2.3] of (J 7 , V)\ {M ,x)xC z over the analytic germ (M,x) x (C 1 '^^ 1 , 0) x C 2 . 
By the universality, they will patch together to form a global (TE) structure (,F ext , V ext ) 



over Alext ~3 -M'. By |3J, Lemma 3.2], the pairing P over M x C 2 extends to M cx t X C z 
and we have a (TEP) structure (J 76 ^ , \7 ext , P ext ) . The extension of the Z-local system F% is 
automatic. 

Next we show that ( J- ext , \7 ext , P ext ) coincides with the "big" quantum D-module over a 
neighbourhood of C/fjrw or ^GW- We review the reconstruction of the big FJRW quantum 
cohomology. Over C/fjrw > we already identified (J 7 , V, P) with the quantum D-module over 
the image of the mirror map r = pro<j. We take a basis {Tj}[ =0 of H' such that To = (f>o, 
T\ = 4>i and write the big quantum product as Tj • Tj = J2k=o ^y(*)^fcj where t = (t°, . . . , t r ) 
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is the co-ordinates of H' = H na _ T (W, fi d ) dual to {Tj}£ =0 . Using the frame {Tj}[ =0 , one can 
write the connection V of ^"|t/ FJRW as 



i=Q 



Here t(u) = X^i=o r *(' u )^i denotes the mirror map. The structure constants C^(t) are a priori 
formal power series in t, but we know from the mirror theorem that the above connection V u 
is convergent. Because t(u) = —u4>\ + 0(u 2 ), we can use (u, t°,t 2 , . . . , t r ) h-> r(u) + Ylj^i ^Tj 
as a co-ordinate patch of H' near the origin. We want to reconstruct the connection operators 



satisfying V^ xt | 4=0 = V u , [Vf x \ V* xt ] = [Vf\V<; xt ] = and V^Tq = T t . Following the 



method of [34, Lemma 2.9], [|39], §4.4], one can solve for such C^(r(u) + Ylj^i uniquely 
as a power series in t. This is because To = (fro is asymptotic to u _1 Ao as u — > 0, so is also 
a cyclic vector of the action of [zV n ]| z= o for a sufficiently small u / 0. This reconstruction 
can be done either over the formal Laurent series ring C((ti)) or for a fixed small a / 0. In 
the former case, we recover the big quantum product as a formal power series in (u, t); in the 
latter case, we get C^ a (r(u) + X^yi as a convergent power series of t ( p3| , Lemma 2.9]). 

Therefore C^(r(u) + Ylj^i^^j) 1S a formal power series in t whose coefficients are analytic 
functions on {u € C [ \u\ < e}. Moreover for each u with < \u\ < e, it is convergent as a 
power series in t. By [38, Lemma 6.5], such a function is holomorphic in a neighbourhood of 
(u,t) = (0,0). This shows the convergence of the big quantum product and that (J 76 **, V ext ) 
is isomorphic to the big quantum D-module in a neighbourhood of C/fjrw- The discussion on 
the GW side is similar and omitted. 

5.6. Monodromy and autoequivalences. We study the relationships between monodromy 
of the global quantum D-module T and category equivalences. 

An object E of D b (X\y) is said to be spherical if Hom n (_E, E) = Hom(£, -E^n]) is isomorphic 
to the cohomology of a sphere, i.e. 



Hom n (£', E) 



C n = or dim Xw 
otherwise. 



Seidel-Thomas [Q introduced a functor Tg: D b (Xw) — > D b (X\y), called spherical twist, for 
a spherical object E. This gives an auto-equivalence with the following property: 

T E {F) S Cone(Hom*(£:, F) ® E ^ F). 
Example 5.19. A line bundle 0(i) on Xyy is a spherical object. 



By Proposition 2. IS and (plf), the monodromy of flat sections s(£) around the paths 7cY) 



7lg (Figure ^) comes from the autoequivalences 0{— 1), (1) of _D 6 (Xiy) and MF^ r (W) re- 
spectively. We already saw in (^) that the analytic continuation along j^ 1 (Figure |||) is 
induced by the Orlov equivalence Thus the monodromy along 7~* corresponds to the 
composition <l>o ° ■ The following proposition completes the proof of Theorem 2.24 . 



Proposition 5.20. For E G D b (X w ) such that ch(E) G F amb (AV), we have [^^^(E)] 
[Tq(i)(E)] in the numerical K -group. 
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Proof. Let {a, b} q be the graded Koszul matrix factorization in Example |4.5| . Recall that 
ch({a, b} q ), q G Z span ^r nar (PF, /x d ). Hence by Theorem 4.17 , ch($;({a, g G Z also 

span i? am b(^w) since U/ : .ffnar(W, = i? am b(^VK)- Therefore, it suffices to check that 
[TQ(i)$>i + i({a,b} g )] = [$i({a,b} q )] in the -ftT-group. By Proposition [4.11| , we have 

[*i+i«a, = E (-i) r+1 P (i + 1 + m' - ELi «; ia )] 

h<—<ir 

E£=l™ja< m ' 

[*!«&&,)] = E (-i^Pli + m-EU^)] 
ji <■■■<> 

where m (resp. m') is the remainder of q — I (resp. q — l — 1) divided by d. Because [T^mE] = 
[E]- X (E(-l))[0(l)],wehave 

[T 0{l) ^ +1 ({a,b} q )} = E ("l) r+1 P (i + 1 + m' - Ea=i 

j'i <•••<> 

+ E (-!) r X(° (1 + m ' ~ Ea=l «i.))[0(Q]. 
jl <•••<> 

Here we use the following fact: For 1 < i < d, we have 
X (0(i))=dmtf°(X w ,0(i)) 

\ tt {&i < • • • < k s I s > 0, Eb=i ^fcb = *} ~ 1 if i = d - 
Therefore the second term of the right-hand side of (j88|) gives 
/ 



ifl<i<d-l 



(89) 



[0{l)\ 



\ 



Jm'd-l 



E 



V 



(-iy 

^ jl<—<jr, ki< — <k a 



We claim that for m! > 



E (-ir = o. 

<-<fe s 

Wfc 6 =m'+1 

The claim follows from the comparison of the coefficient of i m +1 in the following equality: 



ji <•••<>, fel<---<fes 

Ea=l %a+E{Ll ">fc 6 =m' + l 



/ 



! _ (1 - t Wl ){l - t W2 ) •••(!- _ ^ 



(1 - - t^) ... (1 - t^iv) 



E (- 1 ) rtP 



. jl<-<> 

\Ea = l™ja=P 



/ 



\ 



E * 



kx<-<k s 



By the above claim, (|89| ) can be rewritten as 



s m ' t d-i - e ( _i ) r 

jl<-<jr 
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This gives the second term of the right-hand side of (|88|). 

First consider the case where m' < d — 1. In this case, by the above calculation, 
[To(i)^i+i({^h} q )] equals [&i({a, b} q )} because m = m! + 1. Next consider the case where 
m' = d — 1. In this case, we have m = and 

[T 0(l) $ l+1 ({a,b} q )}= E (-ir +1 pa+^-Eu^j]-[o(oi- 

ii <■■■<> 



We know from the Koszul complex (|52| ) that the first term in the right-hand side vanishes. 
Because m = we have [^/({a, = — [O(Z)]. The conclusion follows. □ 

Remark 5.21. We should have an isomorphism of functors Tqq\ = o $r x , but this does 
not seem to be proved in the literature. E. Segal [59, Theorem 3.13] showed a similar (object- 
wise) relationship in the category of B-branes on the LG model (Kp( w ) , W) (which should be 
equivalent to D b (Xw))- 



By the correspondence in Theorem 2.24, the relations in the fundamental groupoid of A4 



7i+i = 7LG 7z ° 7CY, 
7con = 7f X ° 70 



7^ G = id 

should be lifted to category equivalences as 



^-(lJo^oOf-l) 
(d) - [2]. 



The second relation is conjectural (see Remark |5.21 ) but the other two are easy to show. 



Note that the identity in the fundamental groupoid is lifted to the 2-shift [2] in the third 
relation. This explains why we have to mod out by [2] to have a representation of ni(A4) in 
Auteq{D b (X)). 

On the other hand, the fundamental group of AA is generated by 7cy 5 7con and defined by 
the relation 

(7CY ° 7con) rf = id . 

This relation should be lifted as 

This was proved by Canonaco-Karp M. The proof of Theorem IO is now complete. 



Appendix A. Proof of Proposition 2.1 



When Nk = 0, the both-hand sides of ([?]) are one-dimensional and their pairings match. 
When A^fc = 1, the both-hand sides are zero. Assume that > 2. The relative coho- 
mology exact sequence identifies H Nk ((C N ) k , W^ 00 ) with H N *- 1 {W+ 00 ) = H^-^W^il)). 
Therefore 

H{W,ii d ) k ^H N ^-\W^\\))^. 
We use the following result of Steenbrink: 
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Theorem A.l (|H], Theorem 1]). The Deligne weight filtration W, on H Nk ~ 1 (W k (1)) is of 
the form 

= W Nk „ 2 C W Nk ^ C W Nk = H N >-\W^(1)). 
Take a set {(fi, ■ ■ ■ ,<Pl} C Q^ n , of homogeneous N k -forms which gives a basis of 0,(W k ). 
Let \i\ denote the degree of ipi divided by d. Define rji € H Nk ~ 1 (W k ~ 1 (l)) by 



(90) 



with Ci = r(l — (— [«[))([[«[] — 1)!- Then the set {rji \ N k — 1 — p < \i\ < N k —p} gives a basis 
o/Gr^(#Ar fc _i); the set {rn \ \i\ = N k - p} gives a basis of Gx p ^{W Nk /W Nk -i). 

There is a typo in the statement of |]6l| , Theorem 1] about the index of the Hodge filtration 
and we corrected it above. The prefactor Cj is not important in the above statement, but 
is chosen for our later purpose. Since {rji | |i| £ Z} gives a basis of the /^-invariant part of 
H Nk ~ 1 (W k ~ 1 (l)), by the theorem, the //^-invariant part splits the weight filtration: 

w N jw Nk ^ - H N *-\w^{i)Y*. 

Therefore the sector H(W,fi d ) k = £T iV *- 1 (W^ 1 (l))'*<« has a pure Hodge structure of weight 
N k . Moreover the theorem gives an isomorphism 

Sl(W k r* - GT^H Nk ~\W k -\l))^, fa] fa] 

independent of the choice of representatives tpi. The isomorphism ([/]) is defined by the Hodge 
decomposition which splits the above isomorphism: 

(9i) H(w,fi d ) k ^ H^^iw^O))^ = 0^ p n^ fc_p n(w h )^. 

p=0 

Next we study the pairing on the FJRW state space. The form e~ Wk ifi defines a cohomology 
class in H Nk ((C N ) k ,W k +oc ) via the integration over non-compact Lefschetz thimbles T £ 
H Nh ((C N ) k ,W+°°) of W k : 

r -> / e~ Wk ^. 



The following lemma shows that the set {e~ Wk ifi \ \i\ £ Z, \i\ < N k —p} of relative cohomology 
classes forms a basis of ^HiW, n d ) k . It also shows that [tpi\ £ £l(W k ) tJ ' d corresponds to an 
element of the form [(% + Y^u\<\i\ a ji^) e_Wfe ] € H(W,fx d ) k under (||). 

Lemma A. 2. Under the isomorphism H Nk ((C N ) k , W k °°) = H^' 1 (W k x (1)) , the class rep- 
resented by e~ Wk (fi corresponds to the class rji in 



Proof. Let T be a Lefschetz thimble of W k in H Nk ((C N ) k ,W k +oa ) and C & H Nk ^{W k l {t)) 
be the corresponding cycle. (Note that H Nk ((C N ) k ,W k +oc ) ^ Hn^W^ 1 {!)).) The image 
of r under W k is assumed to be the positive real line. Then we have 



(92) / e~ Wk (pi = I e' l P{t)At. 
Here we set 

(93) P{t) :-- 



Pi 1 / <f: 



rn{w k (x)=t} dw k 27ri J T W k {x) - t 
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where T is a circle bundle over m {Wfc(a;) = t}. Using the homogeneity, one can deduce from 
the co-ordinate change x% h-> t~ w '/ d Xi that 

P(t) =t |i| ~ 1 P(l). 

Therefore by ©, 

(94) J e-^ifi = T(\i\)P(l) = T(l - (-|i|»p(n*ll-D(l). 
By differentiating (p3[ ) and setting f = 1, we find 

(95) r(i-<-|i|»p(rwi-i)(i )= f m . 



c 



The lemma follows from (94) and (|95|). □ 
Consider the tame deformation W k>s of W k : 

W k , s (x) = W k (x) + ^2 S i X i' 

where F k := {1 < j < N\ C, kWj = 1} is the index set of co-ordinates on (C For generic 
values of s, W kjS has only non-degenerate critical points (i.e. it is a Morse function). Let 
z € C x and (■',■): H N *{{C N ) k ,{W Ks / z)+°°) x H N <<((C N ) k , (W k>s /z)~°°) -)■ C denote the 
intersection pairing (cf. (g)). Set 



This is a presentation of K. Saito's higher residue pairing by Pham [52]. The invariance 
of the pairing under the co-ordinate change Xj h-> X w ^ d Xj shows the following. 

Lemma A. 3. VFii/z respect to the degree degSj := 1 — (wi/d) and degz := 1, £/ie function 
Gij(s,z) is homogeneous of degree \i\ + \ j\. 



Lemma A. 4. The function Gij(s,z) is regular at z = 0. Moreover 

G tJ (s,z) = (-1)^^(27^)^ (Res^a^], [ w ]) + 0(*)) • 



Proof. This is remarked in 2eme Partie, §4.3, Remarque], but we include a proof for the 
convenience of the reader. Suppose that s is generic so that x h-> 5ft(Wfc jS (x)/2:) is a Morse 
function. Let Ff, . . . ,T~t (resp. Tj", . . . , T7) denote the Lefschetz thimbles emanating from 
the critical points o"i,...,o"x of 3fJ(Wfc )S /,z) given by the upward (resp. downward) gradient 
flow. Choose an orientation of Tf such that r+ • = 5^. We have 

GvM = E (/ r+ e-^/'fft) • (/ r _ e^Vi) • 
For a fixed argument of z, we have the stationary phase expansion as z — >■ 0. 

e- ff W' w ~ ± Z 2 ^ 72 (/ . K) + (z)). 
^Hess W k , s (o-a) 
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Here we set w = fi(x) f\ jeFk dxj, Hess W kjS (a a ) := det ((d x .d Xj W k ,s)i^eF k ) is the Hessian of 
Wk ;S a t °a an d ± is the sign depending on the orientation of T+. Therefore 

where the lowest order term in the right-hand side equals the Grothendieck residue. The sign 

N k( N k~ 1 ') rra, 

(—1) 2 comes from a local computation^ of the orientation. Since this holds for an 
arbitrarily fixed argument of z, and Gij(s, z) is holomorphic in z £ C x , the conclusion follows 
for a generic s. By analytic continuation, the same holds for all s. □ 



By Lemma A. 3 and Lemma A. 4, we have 



(96) G«(0,z) 



if \i\ + \j\ < N k 

(-l)*^(2rif* Res Wfc ([^], [^-]) if |t| + \j\ = N k . 



This shows the Hodge-Riemann bilinear relation: 

(97) (jF>H(W, t i d )k,# q H(W,f* d ) d - k ) = if p + q>N k . 

For i,j such that \j\ € Z, we take lifts 

which correspond to [yjj] € VL{W k )^ d under the isomorphism (pi]). When p + g > iVfc, 
the pairing ([e _w/fe (^j], [e _w/fe (^j]) = vanishes by (|97|). When p + g < the pairing again 
vanishes because of the Hodge-Riemann bilinear relation ( |97| ) for When p + q = N k , we 
have 

{[e- w ><pi], [e- W ^j]) = ([e-^pi], [e"^]) by © 

= i([e-^^],(-l) b1 [^w]) by (|) 

= (-l)^^(27ri)^~Res^ ([^(-l)^]) by ©. 



The factor (—1)^1 comes from the map I* in (^). The proof of Proposition 2.1 is complete 



Remark A. 5. In the proof we observed that H(W, H d )k has a Hodge structure of weight Nk- 
In order to make the weight compatible with the FJRW grading, we consider the Tate twist 
by Eili (kQi) ~ 1 so that H(W, fi d ) k is of weight N k + 2(£^ 1 (%) - 1). 

Appendix B. Compatibility with FJRW setup 

In [p4| a factor / g = \G\ 9 / deg(st) multiplies all genus-g n-pointed invariants as well as all 
the homomorphisms 

A^ G : H(W,Gf' n -> F*(74 9 , n ;Q), 

(ai, . . . , On) i-» / g st* (c^ G (ai, . . . , On)) 



14 This comes from f\f^ du 3 A A^i d«j = (-l) ""'"" ~ A^i( d % Ad «J') where { u j + V^Wj I j = 1, ■ • • , N k } 
is a local co-ordinate system centered at a critical point. 
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defining the cohomological field theory. These embody all the relevant invariants via the 
definition 

„ n 

{T bl (ai),...,T bn (a n ))Y£ = _ A^(a 1 ,...,a n )Y[i; b i \ 

J Mn-n. „• 1 



1=1 



The term c g> n (a±, . . . , a n ) is a cycle in the moduli space of (W, G)-curves; in this paper G 
equals fx d and, in genus zero and for (a±, . . . , a n ) = (<t>k 1} ■ ■ , 0fe») £ H na _ T (W, fj, d ) lg ' n , we may 
regard the term c^A G as the top Chern class of the obstruction bundle in the cohomology of 
the moduli space Sping n (&i, . . . , k n ): 



(k 1 ,...,k n );Q). 

The degree of st is simply the degree of the map forgetting the (W, G)-structure and retaining 
only the underlying coarse stable curve; for (W, G) = (W, the morphism st is the natural 
forgetful map Spin^ n (/ci, . . . , k n ) — > M.g, n - We have deg(st) = |G| 29_1 in general; therefore, 
f g equals and the setup of pj] is consistent with that of Witten's original tentative 

treatment |3(| of quantum singularity theory. In genus zero and for G = fi d , this amounts to 
an overall factor d appearing also in Chiodo and Ruan's paper ]14| , (14)]. 

We point out that all these different factors f g can be removed once we take into account 
that the pairing used (Q) comes from orbifold Chen-Ruan cohomology (in its relative version) 
and acquires an overall factor 1/|G| equal to the degree of BG over SpecC (we recall that the 
pairing of [24] maps the pair (<j)k,<ftl) to 5d-\,k+l without any factor). In particular, removing 



the factor fo = d in the definition of the genus-zero invariants does not change the quantum 
product: in the definition ( |l5| ) of T{ • Tj, the factor /o is absorbed into g k,t = ddd-2,k+i- 
Furthermore, removing the factors f g from the cohomological field theory homomorphisms 
does not affect the composition axioms |24|, (62), (64)]. Let g = gi + g2', let n = n% + ri2 ; 
and let ptree : <M. gi) ni+i x • / ^g 2 ,n2+i ~~ ^ M g>n be the gluing morphism. Then the forms 



\W G i \ WGi \ lv Q,n 

A g ,k [ai,...,a n ) = sUcJ^ (ai, . . . ,a„) = — — 

h 



satisfy the composition property stated in [^4], (62)] 



for all oti S H(W, G), for /i and v running through a basis of H(W, G), and for g^' u denoting 
the inverse of the pairing ( , ) with respect to the chosen basis. This happens again because, 
by rescaling the pairing, we have multiplied g^ ,v by |G|; the canceled factors on the two sides 
of the above identity match 

19 \G\9~ 1 \G\ \G\^- X |G|»-i \G\ j9lJ92 ' 



The same happens for the gluing morphism /?ioop : Mg-i, n +2 — > M. 9jn . We have 
Pioo P A g,n {ai,a 2 ,...,an) = 2^9^' A g l 1)n+2 {ai,...,oin,fi : u). 

Taking again into account that, in this paper, the matrix (g 11 ' 1 ') has been multiplied by an 
overall factor the cancellation of factors from the analogue identity p3, (64)] yields the 
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same quantity on both sides 



f = 1 1 _ = ±f 

Ja \G\\G\9~ 2 \G\ J9 ~ 1 ' 
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